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Prediction of suspension rheology
through particle motion simulation
Martti 0. Toivakka and Dan E. Eklund

ABSTRACT: A modified Stokesian dynamics technique models
the motion ofsuspensions ofspherical particles in shear and
pressure driven flows. In bidisperse and polydisperse suspensions
under shear, small particles reduce suspension viscosity by
breaking stress chains. Small particles near boundaries can force
large particles into the bulk ofthe suspension. In pressure-driven
flow, particles concentrate at the low shear rate regions giving
nonuniform particle concentrations and thixotropic suspension
behavior. High viscosity levels ofshort-duration that are
characteristic for monodisperse suspensions are absent in
polydisperse suspensions.
KEYWORDS: Bibliographies, boundaries, dispersions, dynamics, flow, fluid dynamics, fluid flow, fluid mechanics, mechanics,
models, particle size distribution, pressure, rheological properties, shear flow, simulation.

A n understandingoftherheologi.11..cal properties of coating colors
and their subsequent control are essential for successful paper coating
and acceptable quality of the final
product. The reasons for behavior
that is not Newtonian in simple
(monodisperse) suspensions are
common knowledge. Complicated,
concentrated suspensions such as
coating colors challenge the mill
practitioner and the theoretician,
however.
The inconsistency of data collected with various conventional rhe-

ometers and interpretation of these
data complicate the prediction of the
rheological behavior of complex suspensions. When developing macroscopic models to describe coating
color rheology, assumptions about
the micromechanics of the suspension are necessary. An understanding of the suspension microstructure
is clearly necessary to understand
fully the rheology of concentrated
suspensions.
The change in suspension microstructure results from particle-toparticle and particle-to-boundary

Toivakka is graduate student and Eklund is professor at ABO Akademi University,
Department of Chemistry, Porthaninkatu 3, FIN-20500, Turku, Finland.

interactions which cause the particles to redistribute themselves in
the suspending liquid. Depending on
the microstructure, the suspension
can dissipate various amounts of energy. In coating colors, two factors
determine the rheological behavior.
Liquid phase properties play an important role as does the balance between the hydrodynamic forces and
nonhydrodynamic forces-electrostatic, steric, and van der Waals
forces.
Recent years have seen the improvement of experimental methods
to measure directly the microstructures of suspensions under deformation. Light scattering and nuclear
magnetic resonance imaging techniques can determine particle and
velocity distributions in particulate
suspensions (1-4). The results only
apply, however, to averages over
time or to particle sizes much larger
than those used for paper coatingparticle radius greater than 100 µm.
Freezing techniques combined with
electron microscopy have characterized dynamic microstructures of
coating colors (5).
Rapid advances in computational
resources allow description of suspension microstructures in detail
through the dynamic simulation of
particle motion. One can consider
the simulations as "experiments" to
eliminate instrumental errors and
obtain results directly in numeric
form. The results provide insight into
the microscopic mechanics that determine the macroscopic properties
of coating colors. An understanding
Vol. 79, No. 1 Tappi Journal
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of fundamental principles combined
with experimental data helps explain
the behavior of coating colors under
various processing situations. This
should eventually lead to improved
design and operation of the paper
coating process and a higher quality
for the final product.

Background
Effects of suspension
modality on rheology

Van Gilder et al. (6) and Chang and
Powell (7) discussed the effect of
modality on suspension rheology.
Higher solids are possible without
increasing the viscosity by adding
small particles to a monodisperse
suspension. Adding small particles
to a monodisperse suspension of
large particles at a constant total particle concentration decreased viscosity. Addition of large particles to a
suspension of small particles gives
less drastic viscosity reduction (8) .
The three key parameters affecting the viscosity of bimodal suspensions are the total particle
concentration by volume (<j>), size
ratio (A.), and the fraction of small
particles(~). If <l> v and A are constant,
viscosity depends on ~- There is a
minimum viscosity at ~ of 0.25-0.35.
If <l> v and~ are constant, the viscosity
will decrease as A, increases (7) . The
viscosity of bimodal suspensions at
high concentrations relates directly
to the maximum obtainable packing
for given A, and ~- Cumberland and
Crawford (9) studied extensively the
mechanical packing of particles .
Their results show that highest packing occurs when ~ is 0.20-0.40 depending on A..
There is only minimal theoretical
treatment of bimodal suspensions in
the literature. Farris (10) relates the
viscosity to concentration behavior
of bimodal suspensions to that of a
monodisperse suspension. In his
model, the small particles form a homogeneous phase within the large
particles. This suggests that the validity of the model is limited to large
212
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I. The dimensionless groups relative to the model
ParameterNariable

Dimensionless group

Force
Torque
Time
Velocity
Particle Reynolds number
Length of the unit cell
Height of the unit cell
Debye length
Particle size ratio
Small particle fraction
Area fraction

F'

T

= F/nµ 1a)'H
= TIn /!a2'\'H

r = t)'H/a
u· = U/)'H
Re

=p a)'H/µ1

L" ~ Ua1

H" = H/a

II. Comparison of the area fraction , the volume fraction, and the solids co ntent.

Area fraction, 0A

Volume fraction,

0.50
0.55
0.60
0 .65
0.70

0 .36
0.40
0.44
0.48
0.52

size ratios. The model does not allow
one to predict microstructural phenomena of suspensions.
Chang and Powell (7, 11) have recently used the Stokesian dynamics
technique in combination with experiments to investigate the rheology of
bimodal suspensions. Their simulation results show good agreement
with experimental data. Their model
treats the suspension as an infinite
fluid lacking boundaries. The reduction of relative viscosities in bimodal
suspensions is contributed to the reduction of cluster size in the suspension.
This present work attempts to address the role of particle size distribution on the rheological properties
of concentrated suspensions. The
approach differs from the work of
Chang and Powell by introducing
wall boundaries. These allow one to
study wall effects and shear flow in a
narrow gap. In addition, the modifications made to the original
Stokesian dynamics technique allow
one to use more particles to obtain
better statistical significance in simulations. It is possible to model large
size ratios and polydisperse suspen-

0v

Solids content

0.53
0 .57
0.61
0.65
0 .69

sions with the computing resources
avai lab le today. The modified
Stokesian dynamics technique used
in the present work is appropriate
for the high particle concentrations
that are typical in paper coating applications.
Numerical simulation

Scientists have used the dynamic
simulation of suspensions· for many
years. Common methods include
molecular dynamics, Brownian dynamics, Stokesian dynamics, and
granular dynamics. Classification of
the methods uses the length scale of
the phenomena of interest.
Articles by Barnes et al. (1 2) and
Brady and Bossis (13) review the
application of computer simulations
to suspension rheology. The choice
of the simulation method depends on
the interparticle potentials for the
particle sizes and suspending fluids.
In Stokesian dynamics, particles
of interest are larger than molecules
in the suspending fluid. They interact through continuum level forces.
The hydrodynamic forces between
the particles are therefore the key
elements of the technique. Colloidal

1. Comparison of simulation resu lts with experimental data
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~

~

iii

>
w

Simulation

•

Thomas

.i.

2

0
0

CJ)

0

101

-

Krieger
Chong et al.

.

used in mo lecular dynamics to
Stokesian dynamics allows simulation of many particles. The large
number of particles allows a more
detailed description of real coating
colors with polydisperse particle size
distributions .

Model formulation

~

•

The simulation method uses the original results presented by Bousfield
5
<
(18). The method employs Stokesian
.J
w
dynamics at high particle concentraa:
tions where short-range, lubrication2
type, interparticle forces dominate
the hydrodynamic interactions. Pa100
0.6
0.5
0.4
0.3
0.2
0.1
pers by Brady and Bossis (13, 14),
0
Bousfield (18), and Toivakka (28)
VOLUME FRACTION, <l>v
document the details of the simulation technique and the models used.
This paper summarizes some basic
ideas of the simulation technique to
introduce its elements and introduces
new models relating to unequally
forces between the particles are the Powell modeled an unbounded infi- sized spheres.
same order of magnitude as the hy- nite suspension of bimodally distribSimulation technique uses a modrodynamic forces. Brady and Bossis uted spherical particles in a simple lecular dynamics type of approach to
and Durlofsky (13-16) originally de- shear flow. They only considered hy- calculate dynamically the particle
veloped the method and applied it to drodynamic interparticle forces in trajectories in a suspension. The tovarious problems such as Brownian their work. They studied effects of tal net forces (and torques), Ftot' on
dispersions, simple shear flows, and size ratio and fractions of different the particles are sums of hydrodysized particles on suspension micro- namic, nonhydrodyamic, long-range,
electrorheological suspensions.
Seel and Wadiak (17) have applied s tru cture and macrostructure . and Brownian forces. Equation 1
Stokesian dynamics to investigate Vitthal and Sharma used three-di- shows this relationship:
the behavior of polyether-coated mensional Stokesian dynamics to
(1)
FIOI=RU+ Fp +FL + FB
monodisperse particles in simple model a filtration process. Their work
shear flow. The main area of interest focused on particle deposition and where
= the velocity vector
was the Lennart-Jones interaction bridging in granular media. A limi- U
small
between particles from adsorbed tation of both studies was the
= the grand resistance matrix
R
polymeric material. They explored number of particles.
Our present study is a further de- F P = all external forces such as colthe macroscopic effects result ing
loidal interparticle forces and
from polymer to polymer interactions velopment of the Stokesian dynamfrom boundaries
forces
ics technique used in earlier work by
occurring on a microscopic scale.
Bousfield (18- 20) was first to ap- the authors. Previous papers have FL = hydrodynamic drag forces
ply Stokesian dynamics to model pa- dealt with microstructures of monoper coatings. He investigated the disperse suspensions during drying F 8 = Brownian random forces.
influence of particle shape and rough- of the coating, particle movements The calculation of hydrodynamic inness on rheology. Extension of during the coating process, and pre- teractions between particles uses the
Bousfield's work accounts for plate- diction of viscoelastic properties of velocity vector and the grand resiselectrostatically stabilized suspenlike particles under shear (21, 22) .
tance matrix.
Most work to date has only ap- sions (24-27) .
Knowing t he total forces and
This work extends the simulation
plied the Stokesian dynamics techtorques that act on particles from
nique to monodisperse suspensions. technique to bidisperse and polydis- Eq. 1, it is possible to obtain the parTwo papers (11, 23) have included perse suspensions of spherical par- ticle velocities and positions (both
different sized spheres. Chang and ticles. Applying numerical methods
>
;:::
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translational and rotational) through
integration of Eq. 2 in time:
m(d 2 P/dt2 ) = F,0 ,

2. The model suspension

(2)

where
P

=

is a vector containing the particle positions

m

=

the masses and the first moments of inertia of particles.

When particle Reynolds number is
small, one can apply an alternate
time stepping scheme. For small flow
rates or small particles the time necessary for the particle momentum
to relax is much shorter than the
time scale for any significant movement of particles. Under these conditions, the total net force on a
particle is zero-the hydrodynamic
forces balance the external forces.
This allows Eq. 1 to take the following form:
- RU= Fp +FL+ FB

electrostatic stabilization of the suspension (30):
F,,/ 2 =F0[a 1a/(a 1+ a)][(Ke-K0)/( I - e-K0)]

Frep12

~ 25

= the velocity independent force

0

~ 20

that acts along the line of particle centers
F0

al' a2

214

.: 30

where

=

= the reciprocal double layer
thickness

8

>

the force amplitude estimated
from the fundamental quantities such as the dielectric constant of the medium, (E) and
the surface potential ('If) of the
interacting particles (31, 32)
particles

K

>
w 15
~

10

~

5
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

FRACTION SMALL PARTICLES ,~

= radii of the interacting

lnterparticle forces

Hydrodynamic interactions between two unequal spherical particles. Kim and Karrila (29)
calculated hydrodynamic interactions between two unequal spherical
particles using analytical expressions. The expressions couple the
relative translational and rotational
motions of two spheres suspended
in a Newtonian liquid. The resulting
hydrodynamic forces on the two particles depend on the relative velocity
difference, the size ratio of the particles, and the interparticle gap. Total net hydrodynamic force on a
particle is a summation of the
pairwise forces between the particle
and each particle nearby.
Colloidal interparticle forces. A
pairwise, short-range, repulsive
force of D~rjaguin-Landon-Vervey
Overbeck (DLVO) type modeled the

35.....-----------.

(4)

(3)

It is possible to solve particle velocities directly from Eq . 3 using
Gaussian elimination or an iterative
procedure. This approach eliminates
the need to integrate Eq. 2 twice in
time, results in larger time steps,
and saves computing time.

3. The dependence of the relative viscosity
on the fraction of small particles

=

the gap between the particle
layer thickness.

All simulations used large Peclet
number cases so there were no
Brownian forces included. The suspending liquid in the model is an
incompressible Newtonian fluid. It
is possible to modify present simulation framework to account for an
elastic liquid between the particles.
Computer program optimization

The original Stokesian dynamics
method is a computationally intensive technique. The modifications introduced by Bousfield have greatly
reduced the computational expense
of simulations. The lack of comput-

ing resources has still been the major limiting factor for the simulation
of bidisperse and polydisperse suspensions, however, since many particles are necessary to model the
system. Our work used additional
modifications to the simulation code
to reduce further the computing resources required by the simulations.
Important modifications include the
application of neighbor list and
sparse matrix techniques common
in molecular dynamics simulations.
Neighbor list technique. At each
time step during a simulation, one
calculates the pairwise interactions
between the particles. For the calculation, it is necessary to know the
positions and velocities of the particles compared to each other. A
simple algorithm will step through
every particle pair and calculate required expressions. This approach
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4. Instantaneous microstructures of a bimodal suspension as a function of time in a
linear shear fie ld

5. The mechanism that leads to concentration of small particles at boundaries in shear flow

t• =0

I
t• =0

t• =20

t• =40

t*= 60

t*= BO

1* =100

••
t*=1 20

becomes very inefficient when using
many particles, since the time to examine all pair separations is proportional to the square of the number of
particles, O(NP 2). For this reason,
we applied a so-called neighbor list
technique. Here one maintains a list
of neighboring particles to an individual particle and updates the list
at regular intervals. Between the
updates, it is only necessary to consider interactions resulting from any
particle on the list (33) . This method
is applicable because the forces resulting from the pairwise interactions tend toward zero at large
interparticle separations. In concentrated suspensions, the near particles rather than the distant ones
determine the motion of a particular
particle.
Using the neighbor list technique,
the computing time necessary to

t• = 140

complete a simulation increases linearly with the number of particles,
[O(NP)], rather than quadratically
as with the algorithm in earlier work.
Sparse matrix technique. When
using many particles in a simulation, the size of the linear equation
system solved at each time step becomes very large. For a monolayer
of particles, the dimension of the resistance matrix R in Eq. 3 is 3NP x
3NP, where NP is the number of
particles. In a simulation with 500
particles, there are therefore 1500
unknowns for solution. The resistance matrix has dimensions of 1500
x 1500 resulting in 2.25 xl0 6 elements. Only about 1% or less of the
elements are not equal to zero, however. It is possible to exploit this
fact by using a sparse matrix technique that operates only on the nonzero elements of the matrix (34). This

t*= 160

procedure reduces the computational and memory requirements of
the simulations.
Viscosity calculation
One can calculate the relative viscosity (apparent viscosity of the suspension divided by the liquid phase
viscosity) for a suspension undergoing shear in narrow gap using the
data obtained from a simulation. For
a monolayer of particles, one divides
the total net force that resists the
movement of the boundaries by the
area exposed to shear and shear rate:

where

= relative viscosity

'llr
11

F 110 t"'" ' = total net force
a*

= particle radius
Vol. 79, No. 1 TappiJournal
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6. The cumu lative particle size distributions by volu me for commercial CaC0 3 (left) and the model suspension (right)
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The addition of one in Eq. 5 accounts
for the bulk liquid phase. For a
bidisperse suspension with small
particles added to a suspension of
large particles, the shear forces
transmitted to walls by small particles will act on a smaller area than
for large particles. Using the area
exposed to shear based on the large
particle diameter will underestimate
the effective viscosity. It therefore
is necessary to calculate separately
the contributions to the viscosity
from large and small spheres for bimodal suspensions. The product of
the small particle diameter and the
length of the unit cell is the area
exposed to shear for small particles.
For polydisperse suspensions, the
viscosity calculation becomes complicated because a monolayer does
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not have a well-defined area exposed
to shear. One only reports the total
net force on the walls for polydisperse suspensions.
Dimensionless groups
and m odel p arameters

Table I summarizes the model parameters and the transformations
into dimensionless groups used in
the simulations. In this table, ~ and
p1 are the dynamic viscosity and the
density of the liquid phase respectively. NP signifies the number of
particles in the unit cell, and a is the
radius. In shear-driven flows, the
product of the shear rate and the
gap between the boundaries, yH, is
the characteristic velocity. The expression of other velocities compares
to this quantity. In pressure-driven
flows, the maximum shear rate at
the boundary, Ymax' was the characteristic shear rate. All lengths and

0.5

2

0.2

0.1

PARTICLE SIZE, µm

positions are dimensionless with the
particle radius of the largest particle alm·ge"
The area fraction (<j> A) characterizes the concentration of the modeled system. For a monolayer of
spherical particles, the area fraction
is the cross-sectional area at particle centers divided by the area of
the unit cell.
The simulation of a monolayer of
particles compares with true threedimensional suspensions by normalizing the particle concentrations with
the maximum homogeneously flowing fractions in two and three dimensions, respectively (14). Kausch
et al., who studied random packing
of circles in a plane, suggested another approach (35). Their analysis
gives a relationship between the volume fraction(<!>) ofrandomly packed
uniform spheres using the area packing fraction (<j> A) corresponding to
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,)

7. Polydisperse suspension in a simple shear
field

=~~~!~Is~~~ force on the walls for the polydisperse suspension in Fig. 7 and a monodisperse
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scaling (7).

uniform circles:
$y =Q.667cJ>/(1 - Q.1554cJ>A)

(6)

The relationship above· came from
considering the area fraction observable on a cross section through randomly packed uniform spheres. This
method yields similar scalings as the
method of normalizing with maximu~ flowing fractions. Knowing effec~1ve volume fraction, one can
easily calculate the corresponding
solids content. Table II compares
the area fraction, the volume fraction calculated from Eq. 6, and the
solids content. In the solids content
calculations, the value of the ratio of
~he pa1:ticle density to the suspendmg flmd density was 2. Values in
Table II are approximate for
b!disperse and polydisperse suspensions. For a more accurate comparison, one should use the maximum
packings corresponding to an individual particle size distribution in

Verification of
the simulation model
The simulation model duplicates the
exp~rimental results of a sphere
movmg past an attached sphere. This
gives confidence that the correct
physics of the particle to particle and
particle to boundary hydrodynamic
interactions occurs (19, 24, 28).
Comparisons with experiments
made with model suspensions have
verified the many body interactions
of the model. Figure 1 compares the
simulation results with experiments
(36-38). In this table, the differing
random initial particle positions
causes the scatter in the simulation
data. Each concentration used three
different random initial particle positions.
The predicted steady-shear viscosities agree with experimental results of monodisperse systems over

a wide range of particle concentrations. The prediction of a nonlinear
dependence of viscosity on particle
concentration athigh concentrations
is correct. At low particle concentrations, the simulations overestimate
the viscosity. Differences arise from
the approximations made in model
development.

Results
Simulation configuration
Figure 2 shows the simulation configuration of the present work. It
depicts hard spherical particles suspended in a Newtonian liquid between two infinite planar boundaries.
Three-dimensional particles have
confinement to a monolayer and
therefore experience only two-dimensional translational motion beside~ rotation. In a monolayer, all
particle centers lie in the same plane.
Vol. 79, No. 1 Tappi Journal
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9. Evolution of microstructure in a pressuredriven flow

10. Average particle concentration across the gap between the boundaries for the suspension in Fig. 9 (left) and time-averaged standard deviation of they-component of the particle
velocities for the same suspension (right)
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For particles of different sizes, the
monolayer represents a shortcoming. The model cannot predict percolation type phenomena. Especially
in bimodal suspensions with large
size ratios, the small particles can
move in the porous network formed
by the larger particles. Chong et al.
(38) suggest that the limiting size
ratio where percolation becomes
dominant is A, = 10. According to
Farris (10), above this size ratio the
small particles start acting as a homogeneous phase for the large particles. Based on these considerations,
the largest size ratio used in simulations was A,= 10. One initially places
particles randomly in the unit cell.
Periodic replication of the basic unit
cell horizontally and use of periodic
boundary conditions simulate an infinite suspension. The arrows in Fig.
2 indicate the direction of the moving boundaries.
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Shear flow
Bimodal suspension in a linear
shear field. In shear simulations,
the boundaries move in opposite directions at constant velocities creating the simple linear shear field
shown in Fig. 2. Earlier work (26)
has discussed results with monodisperse suspensions under shear. In
this paper, the interest is in the microstructure of bidisperse and polydisperse suspensions of spherical
particles.
Our work included steady shear
simulations of bimodal suspensions
compared with experimental data.
These simulations only included the
hydrodynamic interactions between
particles. Figure 3 presents the dependence of the relative viscosity Cri,.)
on the fraction of small particles (/;).
The size ratio was A, = 2.5, and the
particle concentration was <\lA = 0.65.
The viscosities are average values in
steady state.

Qualitative behavior in Fig. 3 is
similar to the generally accepted
behavior of bimodal concentrated
suspensions. Viscosity is highest at
s = 0 ands = 1.0. The minimum is at
s of approximately 0.2. The decrease
in viscosity from maximum to minimum is not as drastic as reported in
literature for experimental systems
(38, 39) . This is probably due to the
fact that simulations were carried
out for a monolayer of particles
where it is impossible to reach optimal three-dimensional packing of a
bimodal suspension.
The reduction in viscosity when
adding small particles usually comes
from the more efficient packing of
particles at constant particle concentration (38) . This is true at very high
particle concentrations. At lower
concentrations, other mechanisms
that reduce the viscosity compared
to a monodisperse suspension can

12. Pressure-driven flow of a polydisperse
suspension

11. The total net force on the boundaries for the simulation shown in Fig. 9
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be important. High viscosity levels
in monodisperse suspensions link
directly to the accumulation of particle clusters and aggregates. In a
narrow gap, monodisperse particles
can build stress chains that span
boundaries and cause an increased
viscosity (16, 18, 26).
Figure 4 illustrates the suspension microstructure as a function of
time for a bimodal suspension with
size ratio, 'A, of 7.5. The particle concentration is <j> A = 0.65, and the fraction of small particles is ~ = 0.2. In
this case, small particles that break
the large particle clusters cause the
reduction in viscosity. This therefore eliminates the possibility for the
clusters to transmit forces between
the boundaries. At dimensionless
time of t* = 75, it is possible to see
how small particles can move between the large particles. The small
particles reduce the hydrodynamic
forces between the large particles

and make the large particles more
mobile.
Note also that the small particles
form flocks held together by hydrodynamic forces alone. This simulation does not include any attractive
colloidal forces such as van der Waals
forces.
There is an additional phenomenon contributing to the reduction
of viscosity in a bimodal suspension
undergoing shear in a narrow gap.
Small particles migrate toward
boundaries and concentrate there.
The small particles at the boundaries act like "ball-bearings" by lubricating the shear flow in the
boundary layer. Husband et al. have
experimentally verified the concentration of small particles (40). In
their Couette flow experiments of
bimodal suspensions, they detected
an accumulation of a monolayer of
small particles on the boundaries.

The most obvious reason for the
small particle accumulation on the
boundaries is that small particles can
naturally move closer to the boundary simply because they are smaller.
Identification of a new mechanism
causing small particles to concentrate on the boundaries was possible
through observation of particle motion in animations. Animations allow
the identification of dynamic phenomena that are hard to detect in
single pictures of instantaneous suspension microstructure. The animations of the simulations in this work
are available from the authors. Figure 5 illustrates the mechanism for
a suspension with a size ratio of 'A =
2.5, particle concentration <j> A=0.65
and the small particle fraction of~ =
0.6.
The small particles can push the
large particles labeled 1 and 2 irreversibly outward from the boundVol. 79, No. 1 TappiJournal
I·,,,
)
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ary. In a simple shear flow, a small
particle next to the boundary moves
faster than a large particle next to
the same boundary. The small particle therefore pushes the large particle away from the boundary. The
large particle can possibly return to
the original position close to the
boundary. Usually another small
particle restricts its movement in
that direction, however. This mechanism suggests that size segregation
is possible not only in nonhomogeneous-shear flows but also in
simple-shear flows.
Polydisperse suspension in a
linear shear field. We modeled a
polydisperse suspension using a particle size distribution based on a commercial coating pigment of ground
CaC03 (90% below 2 µm). Figure 6
shows the cumulative particle size
distribution and the particle size distribution of the model suspension.
The simulations used one decade of
particle sizes: a = 0.2-2 µm. Higher
computational expense can account
for particle sizes below 0.2 µm for
both pigment and particulate binder.
Figure 7 shows the microstructure of a polydisperse suspension in
a simple shear field as a function of
time. Particle concentration is <!>A =
0.65, and the largest size ratio is A, =
10. One can make the same general
conclusions as for the bimodal suspensions. Smaller particles can break
aggregates that the larger particles
form. Hydrodynamic forces keep
particles in dynamic clusters that
continuously form and break. Small
particles migrate toward boundaries
and push large particles away from
them.
Figure 8 plots the total net force
on the walls from Eq. 5 for a polydisperse suspension corresponding to
the suspension in Fig. 7 and a monodisperse suspension (26). The plot is
of forces rather than viscosities due
to poor definition of the area exposed
to shear for a monolayer of a polydisperse suspension. The forces are
relative to the average net force at
steady state. One sees that the shortduration, large forces present in
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monodisperse suspensions due to
stress chains are absent in the force
curve of the polydisperse suspension.
The simulation results suggest
that shear-thickening is not present
or is not as drastic for polydisperse
suspensions when compared to
monodisperse suspensions. According to Barnes (41), shear-thickening
depends on particle properties such
as concentration, size, size distribution, and shape. In addition, suspending liquid properties and type offlow
influence the phenomenon. If one
broadens the particle size distribution, the critical shear rate for the
shear-thickening is higher, and the
severity is lower. Eriksson et al. (42),
who studied clay based coating colors at high shear rates, reported
similar results. They concluded that
a narrow size distribution of the clay
can result in dilatency at high shear
rates of y greater than 104 s-1•
Pressure-driven flow
The coating color in a coating process is subject to various types of
flows. Shear-driven flow is dicussed
most often because it is the most
important type of deformation in the
blade coating application. Most rheometers today use a simple shear
flow. Other types of flows present in
a coating process consist of extensional and pressure-driven flows. A
commonly used high shear rheometer-capillary viscometer-applies
a deformation to a coating color with
a pressure difference.
Pressure-driven flow is different
from the simple shear because the
shear and shear stress fields are not
homogeneous. Both vary from zero
at the middle between the parallel
boundaries with a maximum at the
boundaries. It is therefore of interest to study in detail whether micros tructures formed in pressuredriven flows are different from those
in shear-driven flows. If the two different types of flows lead to different microstructural mechanics, the
correct interpretation of the macroscopic rheological properties with-

out the knowledge of the corresponding microstructures is difficult.
Previous literature has discussed
two important phenomena about the
pressure-driven flow of particulate
suspensions-particl e migration and
size segregation. Leighton and
Acrivos (43-45) have proposed that
particles migrate from high shear
rate regions to low shear rate regions. According to them, the driving force of the migration is the
higher number of collisions experienced by particles on the high shear
rate side. In the pressure-driven flow
between two plane walls, this mechanism would lead to depletion of particles near the wall and concentration
in the middle. The migration could
also lead to a distorted particle velocity profile-a plug flow, where
most of the shearing occurs near the
walls.
Husband et al. (40) have recently
studied the particle migration induced by nonhomogeneous shear
flows in suspensions of bimodal
spheres. They experimentally confirmed that the particles migrate to
areas oflower shear rate. The coarse
fraction of particles migrated faster
than the fine fraction causing size
segregation.
Results of monodisperse suspensions. We modeled pressuredriven flow between two parallel
plane walls by fixing the walls and
imposing a parabolic velocity profile
of the liquid phase. Figure 9 shows
this in the top right corner. The figure itself shows the evolution of microstructure for a monodisperse
suspension at particle concentration
<!>A = 0.55. The electrostatic double
layer thickness is K"1* = 0.01. Hydrodynamic forces dominate the interparticle forces. One can observe the
following from the simulation:
• The formation of clusters resists
the flow of suspension.
• Clusters accumulate as stress
chains in a 30-45 degree angle to
the flow direction as Fig. 9 shows
at t* = 1200.
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• The shear field forces the stress
chains to rotate and break up. This
behavior is very similar to the accumulation of stress chains in
simple shear flows.
After sufficient time, the particles
do migrate away from the walls. The
migration creates a region of highly
packed particles in the middle between the boundaries. Figure 10
shows this on the left as the average
particle concentration across the gap
during the dimensionless time is
1600-2000. The three local maxima
at the centerline correspond to the
layers of particles in the highly
packed region in Fig. 9. Some particles seem to attach to the boundary through hydrodynamic forces.
A layer oflow particle concentration
forms next to the highly packed center region. The simulations suggest
that the low concentration layer develops preferentially one monolayer
distance from the boundary rather
than immediately by it. Particles in
the high packing region move as one

entity causing plug flow within the
suspension. The right of Fig.10 plots
the profile of the time averaged (t*
= 1600-2000) standard deviation of
the y-component of the particle velocities a . This quantity relates
closely touparticle dispersion (16).
The highest fluctuations in uYoccur
close to the walls indicating the regions of highest diffusive motion. In
the middle, the velocity fluctuations
are correspondingly small.
The existence of concentration
gradients and local regions of very
low particle concentration can drastically change the macroscopic behavior of a suspension. For example,
a local change of 0.05 in volume concentration from the average of 0.45
could decrease the apparent viscosity of a monodisperse suspension by
40% (See Fig. 1).
Figure 11 shows the total net
force acting on the walls for the simulation shown in Fig. 9. The force decreases from the initial value ofFtotnet
approximately equal to 42-44 to a
constant value of Ftotnet approximately equal to 39-41 by the dimensionless time of t* = 1000. The
reduction in the total net force results from the plug flow type of phenomenon discussed above.
Results of polydisperse suspensions. The same polydisperse suspension used in the simple shear
simulations was used to investigate
the microstructures of pressuredriven flow. Figure 12 shows the
instantaneous microstructures of the
suspension as a function of time using the same parameters as in Fig.
7. Suspension demonstrates similar
behavior to the monodisperse suspension. Particles concentrate in the
middle where the shear rate and
stress are lowest. The average particle size in the highly packed region
seems smaller than the average of
the entire suspension.
As for the suspensions undergoing simple shear, the small particles
in a polydisperse suspension can
break aggregates formed by large
particles to create a more mobile suspension. This suggests that polydis-

perse suspensions do not exhibit
shear-thickening as readily as monodisperse suspensions.
Particle migration in pressuredriven flows is obviously a time-dependent phenomenon. Brady (46)
has estimated the channel length
needed to reach steady state as:
(L/H) 55

-

(

1/10)(H/a) 2

(7)

For the conditions here, H/a is 11.95.
The channel length at steady state
is L*ss"" 340. This corresponds to a
dimensionless time of 2000 in the
simulations. As Eq. 7 shows, the ratio of the gap width to the particle
size (H/a) is an important parameter. If the ratio is large enough, the
suspension starts to behave more
like a continuous single phase system. In narrow gaps, for example
under the blade tip in the blade coating operation, however, one cannot
disregard the influence of the particles. The same is true for boundary layers where the finite particle
dimension can play a significant role.
Concluding remarks

The numerical simulations show a
strong dependence of the suspension microstructure on the particle
size distribution. Bidisperse and
polydisperse suspensions do not exhibit the shear-thickening behavior
detected for monodisperse suspensions. Small particles can disrupt the
connection between the aggregates
formed by large particles. This eliminates the possibility for them to
transmit forces between boundaries.
The resulting smaller cluster size
leads to a lower viscosity compared
to a purely monodisperse suspension.
We have identified a new mechanism to concentrate small particles
at boundaries in bidisperse and polydisperse suspensions undergoing
shear in a narrow gap. Small particles close to boundaries can force
large particles into the bulk of a suspension. This results in size segregation of the suspension.
Vol. 79, No. 1 Tappi Journal
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Monodisperse
suspensions
present a different microstructure
from bidisperse and polydisperse
suspensions. A mathematical model
that does not account for different
particle sizes therefore cannot capture the essential physics ofreal suspensions such as coating colors.
In pressure-driven flow, particles
concentrate at low shear rate regions
and boundaries. Particle migration
can cause plug flow and a reduction
in relative viscosity of the suspension. Different micromechanics control the simple-shear flow and the
pressure-driven flow in a narrow
gap. The gap width relative to the
particle size is an important parameter that determines differences in
the resulting microstructures.
Due to the complexity of the particle interactions, the accurate prediction of the viscosity of concentrated suspensions more complex
than bimodal spherical particles is
not currently possible. The simulation technique described in this paper has the potential to clarify the
microscale physics that controls the
rheology of paper coating colors. Finally note that the results in this
work use a mathematical model, not
experimental data.
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