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Abstract: In this paper, the problem of estimating unknown propeller torque excitations and
angular velocities in an azimuth-thruster driveline is considered. A dynamical model of the
driveline has been derived and is used to construct a fixed-lag Kalman-filter-type smoother for
estimating the propeller torque from indirect measurements. The proposed method has been
validated in a simulation case study.
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1. INTRODUCTION
The maritime industry has a long experience of applying
torsional vibration models in the design of mechanical
drivelines. When designing azimuth-thrusters drivelines,
components are selected such that resonance at the operationally critical angular velocities are avoided. However,
the effects of external excitations are seldom known during
operation and may thus cause unexpected wear on components. Hence, there is an interest to know the external
torque excitations acting on an azimuth driveline.
Measuring the torque response of each component of the
driveline is not only impractical due to the high installation cost, but it is also physically impossible due to the
design limitations. Therefore, there is a clear commercial and practical demand for virtual sensor technologies
that avoid the need for complete sensor coverage. At its
best, the technology should allow the use of only a few
sensors placed at the most convenient locations from an
installation and maintenance point of view. Furthermore,
the technology should be capable of providing the torque
response of all the other points of the driveline in real
time (Nestorides, 1958; DNV GL, 2016). Thus, in this
paper, an input and state estimator for estimating the
unknown propeller torque, using torque and angular speed
measurements from the flexible coupling located close to
the engine, is presented. Given an estimate of the external
torque acting on the propeller, a dynamical model of the
driveline can be used to simulate the torque response at
each point of the driveline.
? This work was done within the Business Finland funded project
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Torsional vibration analysis being an industry standard, there are established engineering practices to determine the torque response from known input excitation (Nestorides, 1958; Meirovitch, 1975). There are also
well-established methods for real-time torsional vibration
analysis that have been used in marine applications (Jacobsen and Lyons, 2003, 2004; Charles et al., 2009; Murawski and Charchalis, 2014; Manngård and Böling, 2017).
Work on control of torsional vibrations in combustion
engines is, for example, to be found in (Östman and
Toivonen, 2008, 2011). However, the inverse problem of
estimating external torque excitations from a measured
torque response is less studied.
Treating the propeller torque as an unknown input to the
system and the torque response at various points on the
driveline as internal states of the system, the problem
described above can be solved by implementing an input
and state estimator. Simultaneous estimation of input
and state of linear discrete-time systems has previously
been studied in (Hsieh, 2006; Gillijns and De Moor, 2007;
Hsieh, 2009), and has for example been applied in the
automotive industry for onboard prediction of vehicle
paths (Lin et al., 2000) and charge estimation (Stotsky
and Kolmanovsky, 2002). Input estimators have also been
used in bio-engineering to estimate inputs of anaerobic
digestion reactors (Dewasme et al., 2019). In this paper,
a dynamical model of the driveline is derived and used
to construct a fixed-lag Kalman-type smoother, similar to
that in (Moore, 1973), to estimate the unknown propeller
torque. The proposed method uses torque and angular
speed measurements taken from the flexible coupling close
to the engine.

Being able to estimate the torque response at all points
on the driveline, standard mechanical engineering lifting
models can be applied to obtain reasonably accurate predictions of each components remaining lifetime (KeskiRahkonen, 2018). Knowing the remaining lifetime of components such as shafts, bearings, and gears enable the creation of a predictive maintenance strategy to avoid costly
and unnecessary maintenance, without compromising the
reliability of the asset (Keski-Rahkonen, 2018).
The paper is structured as follows: in Section 2 a dynamical model of an azimuth driveline is constructed; in
Section 3 the model is used to construct an input and
state estimator for estimation of the propeller torque and
angular velocities of the driveline; in Section 4 a simulation
case study where the proposed method is used to estimate
the propeller torque using measurements from the flexible
coupling close to the engine is presented.
2. DYNAMICAL MODEL OF THE DRIVELINE
In order to estimate the unknown propeller torque, a dynamical model of the azimuth driveline is derived. Azimuth
thrusters are typically connected to the engine through
a so called Z-drive, consisting of two gears, a horizontal
input shaft, a vertical shaft, and a horizontal propeller
shaft. A cut-through view of an azimuth thruster, displaying the vertical shaft, propeller shaft, and lower gear, is
presented in Figure 1. The horizontal shaft connecting the
engine and the upper gear is not depicted in Figure 1.
In marine industries, lumped-mass models are often used
to estimate torsional vibrations in shafts, couplings and
engine-generator sets (Östman and Toivonen, 2008, 2011).
In this section, a dynamical model of an azimuth thruster
driveline is derived. Assuming that each component on
the driveline can be represented by a rigid point mass,
Newton’s laws of rotation can be applied to derive a set

of differential equations describing the torque response of
the driveline.
2.1 Two-mass system
Before deriving a model for the complete driveline, let’s
consider a simple two-mass system with mass moment
of inertia I1 , I2 , damping c and stiffness k as depicted
in Figure 2. Assuming that external torques τ1 (t), τ2 (t)
affect masses I1 , I2 respectively, the two-mass system is
described by the differential equations

I1 ω̇1 (t) = −c(ω1 (t) − ω2 (t)) − k(θ1 (t) − θ2 (t)) + τ1 (t)
I2 ω̇2 (t) = c(ω1 (t) − ω2 (t)) + k(θ1 (t) − θ2 (t)) + τ2 (t),
where θi (t) is the angular displacement, ωi (t) = θ̇i (t) is
the angular velocities for the two masses (i = 1, 2) and t
is the time index.
2.2 Geared system
Let’s next consider the geared system presented in Figure 3. The system consists of four masses I1 , I2,1 , I2,2 , I3 ,
where I2,1 and I2,2 represent the upper and lower gear
pinions respectively. Assume that the gear is ideal with
gear ration n, such that θ2,2 (t) = nθ2,1 (t) and ω2,2 (t) =
nω2,1 (t). Since the angular displacement and angular
speed of the lower pinion is directly proportional to the
displacement and speed of the upper pinion, the states
θ2,2 (t) and ω2,2 (t) are not needed to be included in the
model. Defining ω2 (t) = ω2,1 (t) and θ2 (t) = θ2,1 (t), the
torque contribution from mass I2,2 affecting I2,1 is given
by
τ2 (t) = −n [c2 (nω2 (t) − ω3 (t)) + k2 (nθ2 (t) − θ3 (t))] .
Thus, the geared system in Figure 3 is described by the
system of differential equations

I1 ω̇1 (t) = −c1 (ω1 (t) − ω2 (t)) − k1 (θ1 (t) − θ2 (t)) + τ1 (t)
I2 ω̇2 (t) = c1 (ω1 (t) − ω2 (t)) + k1 (θ1 (t) − θ2 (t)) + τ2 (t)

I3 ω̇3 (t) = c2 (nω2 (t) − ω3 (t)) + k2 (nθ2 (t) − θ3 (t)) + τ3 (t),
where τ1 (t), τ3 (t) are external torques affecting masses I1
and I3 respectively and I2 is the total inertia of the gear.
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Fig. 2. Two-mass system.
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Fig. 1. Cutaway diagram of an azimuth thruster revealing
the propeller, vertical shafts and the lower gear.

Fig. 3. Geared system.

k2

By observing that the total kinetic energy for the gear is
given by
1
Ek (t) = (I2,1 ω2,1 (t) + I2,2 ω2,2 (t))
2

1
= I2,1 + n2 I2,2 ω2 (t),
2
it follows that the equivalent moment of inertia of the gear
is I2 = (I2,1 + n2 I2,2 ).

2.3 Driveline model
A lumped-mass model of a azimuth driveline is depicted
in Figure 4, where the moment of inertia of the ith
components is denoted Ii and the damping and stiffness
between components i and i + 1 are denoted ci and
ki respectively. We assume that the torque and angular
speeds are measured at the flexible coupling I1 close to the
engine, and thus, the engine is not needed to be included
in the model.
Denote upper and lower gear ratios

θ3,2
ω3,2
θ6,2
ω6,2
=
and n2 =
=
θ3,1
ω3,1
θ6,1
ω6,1

n1 =

respectively, and define the angular velocities ω3 = ω3,1 ,
ω6 = ω6,1 and angular displacements θ3 = θ3,1 , θ6 =
θ6,1 . Then, analogous to that in Sections 2.1 and 2.2, a
dynamical model of the driveline is given by the set of
differential equations
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Fig. 4. Lumped-mass model of an azimuth thruster driveline connected to the engine via a coupling.
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= − c1 (ω1 − ω2 ) − k1 (θ1 − θ2 ) + τ1
=c1 (ω1 − ω2 ) + k1 (θ1 − θ2 )
− c2 (ω2 − ω3 ) − k2 (θ2 − θ3 )
=c2 (ω2 − ω3 ) + k2 (θ2 − θ3 )
+ n1 (−c3 (n1 ω3 − ω4 ) − k3 (n1 θ3 − θ4 ))
=c3 (n1 ω3 − ω4 ) + k3 (n1 θ3 − θ4 )
− c4 (ω4 − ω5 ) − k4 (θ4 − θ5 )
=c4 (ω4 − ω5 ) + k4 (θ4 − θ5 )
− c5 (ω5 − ω6 ) − k5 (θ5 − θ6 )
=c5 (ω5 − ω6 ) + k5 (θ5 − θ6 )
+ n2 (−c6 (n2 ω6 − ω7 ) − k6 (n2 θ6 − θ7 ))
=c6 (n2 ω6 − ω7 ) + k6 (n2 θ6 − θ7 ) + τ2

(1)

where τ1 is the torque from the engine and τ2 is the
propeller torque (time indices have been left out for better
readability). Mass moments of inertia I3 = I3,1 + n21 I3,2
and I6 = I6,1 + n22 I6,2 are the total inertia of the uppergear pinions and lower-gear pinions respectively.
Although the propeller torque is an unknown external
input to the system, it is reasonable to assume that it is
proportional to the angular speed of the propeller. Thus,
τ2 (t) is split into two terms
τ2 (t) = αω7 (t) + d(t),
(2)
where α is a scalar constant and d(t) is the unknown part
of the propeller torque that is to be estimated.
Assuming that the angular speed is measured at the
flexible coupling, by defining the state and input vectors
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n1 θ3 (t) − θ4 (t)




..


.
n2 θ6 (t) − θ7 (t)
respectively, the system of differential equations (1) can
be expressed in a state-space form
ẋ(t) = Ax(t) + Bu(t),
(3)
y(t) = Cx(t),
where y(t) is the measured output. The system matrices
matrices A, B are defined by the system of differential
equations (1) together with (2), and C = [1 0 · · · 0].
The resulting state-space realization (A, B, C) is minimal
(controllable and observable) and stable.
Most techniques for designing state (and input) estimators
rely on discrete-time models. Thus, (3) is discretized using
zero-order hold such that the sampled output signal y(k) =
y(t) at time instances t = hk for k = 0, 1, 2, ... where h is a
constant sampling time. The resulting discrete-time model
of the driveline is given by
xd (k + 1) = Ad xd (k) + Bd u(k) + w(k),
(4)
y(k) = Cd xd (k) + v(k),
where w(k) is process noise with covariance matrix Q =
E(w(k)wT (k)) and v(k) is measurement noise with covariance matrix R = E(v(k)v T (k)).

Table 1. Driveline parameters used in the simulations.
Component description
Flexible coupling
Flange and links
Upper gear
Gear coupling
Gear coupling
Lower gear pinion 1
Propeller

Index i
1
2
3
4
5
6
7

Moment of inertia Ii (kgm2 )
3.08
8.83
5.03
3.74
4.46
9.72
693.50

3. INPUT AND STATE ESTIMATION
In this section, a stationary Kalman filter for estimating
the unknown states and inputs in (6) is presented. A
similar approach for input estimation is for example to
be found in (Verhaegen and Verdult, 2007, Section 5.8).
We also present a fixed-lag smoother, similar to that in
(Moore, 1973), for improving the accuracy of the input
estimates.
Given a discrete-time state-space realization (Ad , Bd , Cd )
as in (4), in lack of a better model of the external torque
excitation d(k) = u2 (k), a random-walk process
u2 (k) = u2 (k − 1) + wu (k), k = 0, 1, 2, ...
(5)
is used, where wu (k) is a white-noise sequence that is uncorrelated with w(k) and v(k) and has covariance matrix
Qu = E(wu (k)wuT (k)). By inserting (5) into (4) and separating the effect of the known input u1 (k) and unknown
input u2 (k) in (4) as
Bd u(k) = B1 u1 (k) + B2 u2 (k),
the following extended state-space representation of (4) is
obtained
xe (k + 1) = Ae xe (k) + Be u1 (k) + Fe we (k),
(6)
y(k) = Ce xe (k) + v(k),
where the extended
as
 state and
 noise vectors
 are defined

xd (k)
w(k)
xe (k) =
and we (k) =
u2 (k − 1)
wu (k)
respectively and the extended system matrices are given
by


 


Ad B2
B1
I B2
Ae =
, Be =
, Fe =
,
0 1
0
0 1
Ce = [Cd 0] .
The noise covariance matrix of we (k) is denoted Qe =
E(we (k)weT (k)).
Since the unknown input signal u2 (k) is included as a
state in (6), standard linear-quadratic state estimation
techniques, such as a stationary Kalman filter, can be used
to estimate the unknown input and states. A stationary
Kalman filter estimator is formulated as
x̂e (k|k − 1) = Ae x̂e (k − 1|k − 1) + B1 u1 (k − 1)
(7)

x̂e (k|k) = x̂e (k|k − 1) + K y(k) − Ce x̂e (k|k − 1) ,
(8)
where x̂e (k|k − 1) is the estimated state vector at time
instance k using information up to time instance k −1, and
K is the Kalman filter gain matrix. Given the covariance
matrices Qe and R of we (k) and v(k) respectively, the
optimal stationary gain matrix K can be computed by
solving a discrete algebraic Riccati equation, see e.g.
(Verhaegen and Verdult, 2007, Section 5.7).

Damping ci (Nm/(rad/s))
1943
970
798
1399
469
4570

Stiffness ki (Nm/rad ×104 )
2151
1074
884
12620
519
5060

Note that, since there is no direct feedthrough from the
input to the output in (4), in order to have a causal
estimator, it was necessary to introduce a single-sample
time lag by appending u2 (k − 1) as a state in (6). By
introducing a longer time lag by appending l number of
old input estimates to the state vector, such that


 

xd (k)
Ad B 2 · · · 0
xd (k + 1)
u2 (k)
  0 1 · · · 0 u2 (k − 1)


 =  . . . . 

..
..

  .. .. . . ..  

.
.
u2 (k − l + 1)

x2 (k − l)
0 0 ··· 1
 


B1
I B2
0
0 1 



+
 ...  u1 (k) +  ... ...  we (k),
0

(9)

0 0

the estimation accuracy can be improved. Using a Kalman
filter to estimate the states in (9) results in a fixed-lagsmoother, similar to that in (Moore, 1973).
4. SIMULATION CASE STUDY
To validate the proposed estimation method, a simulation
case study using an azimuth model as in Figure 4, with
parameters given in Table 1, is presented. The gear ratios
for the upper and lower gears are n1 = −21/29 and
n2 = 14/23 respectively. The simulation case study was
conducted using ice load excitations according to regulations by the Finnish Transport Safety Agency (Trafi)
(2017, Section 6.5.3.4.1). A 20 second simulation in ice
load conditions was performed where simulated ice hits
occur at close to 7, 10 and 14 seconds. In Figure 5 the
total propeller torque is illustrated.
Since it in practice is not feasible to measure the propeller
torque directly, measurements from the flexible coupling
are used to estimate it. In the simulations, the angular
velocity and torque were measured with a 1000 Hz sampling frequency from the flexible coupling on the horizontal
shaft connecting the engine to the upper gear. Zero-mean
Gaussian noise with standard deviation 0.1 was added to
the measurements. A Kalman filter (7)-(8) was constructed
from state-space model (9) with process and measurement
noise covariance matrices


Q 0
Qe =
and R = 0.01,
0 Qu
where Q = 0 and Qu = 106 .
Since part of the propeller torque was included into the
model according to(2), the total propeller torque estimate
is given by
ˆ
τ̂2 (k) = αω̂7 (k) + d(k),
k = 0, 1, 2, ...,

Fig. 5. Simulated propeller torque (black) and estimated torque (blue) using a fixed-lag Kalman smoother with time-lag
l = 20.
where the estimated angular velocity at the propeller is
ˆ
ω̂7 (k) = x̂e,7 (k) and d(k)
= û2 (k) = x̂e,13+l (k). The
angular speeds of the lower pinions of the upper and lower
gears are given by ω̂3,2 (k) = n1 ω̂3 (k) = n1 x̂e,3 (k) and
ω̂6,2 (k) = n2 ω̂6 (k) = n2 x̂e,6 (k).
As discussed in Section 3, appending old input estimates
as states in (6) will result in more accurate estimates, but
will introduce a time delay in the estimates. The effect of
appending old input estimated û2 (k), û2 (k−1), ..., û2 (k−l)
to the state vector, for l = 1, 10, 20, is illustrated in
Figure 6. This corresponds to introducing 1, 10 and 20 ms
of delay in the estimates, which in practice is negligible.
As seen in Figure 6, a 20 sample time-lag is sufficient for
estimating the propeller torque.
The estimated propeller torque using a fixed-lag smoother
with an l = 20 sample time-lag is presented in Figure 5.
The relative error
e(k) = 100% ×

u2 (k) − û2 (k)
, k = 0, 1, ...,
u2 (k)

where û2 (k) denotes the estimated propeller torque and
u2 (k) the true torque, is illustrated in Figure 7. It is
evident that during normal sea load, the relative error is
less than 5% (after 2 seconds) and during ice load, the
relative error peaks momentarily at 20%. Note that the

the large relative error for less that 2 seconds is due to the
torque being close to zero.
5. CONCLUSIONS AND FUTURE WORK
In this paper, the problem of estimating the unknown
propeller torque in an azimuth thruster using indirect
measurements was considered. Torque and angular speed
measurements were assumed to be collected from the
flexible coupling on the horizontal shaft close to the
engine. A dynamical model of the driveline was used to
design a fixed-lag Kalman-type smoother for estimating
the propeller torque.
A simulation case study showed that the relative estimation error is below 5% during normal sea load and below
20% during ice load excitations, which can be considered
adequate for practical purposes. However, validating the
proposed method on data from a physical ship has been
left for future work.
Since it has been shown that the proposed method can
provide estimates of the torque responses of components
of the driveline, such as shafts, bearings and gears, in real
time, future work could be directed towards predicting
the remaining lifetime of critical components. This could
enable a predictive maintenance framework for azimuth
thrusters to be implemented in the future.

Fig. 6. Propeller ice-load torque (black) and estimated
torque (blue) using 1 ms (top), 10 ms (middle) and
20 ms (bottom) time lag.
30
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Fig. 7. Relative error of the estimated propeller torque
using a fixed-lag Kalman smoother with 20 ms time
lag.
REFERENCES
Charles, P., Sinha, J.K., Gu, F., Lidstone, L., and Ball,
A.D. (2009). Detecting the crankshaft torsional vibration of diesel engines for combustion related diagnosis.
Journal of sound and vibration, 321(3-5), 1171–1185.
Dewasme, L., Sbarciog, M., Rocha-Cózatl, E., Haugen,
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