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Abstract
The increased interest in liquefied natural gas (LNG) for small to medium scale use has brought about a
need to design efficient supply chains. The mathematical model presented in this paper is aimed at aiding
the decision making on tactical aspects in the design of a small-scale LNG logistic chain. The focus is on
inter-terminal maritime transportation between a set of supply ports to a set of sparsely distributed receiving
ports with given demands. Similar problems have been largely studied in literature under the broad class of
vehicle routing problem, but our approach differs in including simultaneously load splitting features, multi
depots and a multiple journeys between ports on the same route. The model, which considers the LNG

distribution by a heterogeneous fleet of ships, applies mixed integer linear programming to find the
supply chain structure that minimizes costs associated with fuel procurement. The solution includes

decisions on the optimal fleet (sizes and number of ships, time usage for each ship), the maritime
routes to fulfil the demands in the time horizon, as well as the number of voyages for each ship and
the ship loads. A case study illustrating the features of the model is presented, where a base case is
initially solved. An extensive sensitivity analysis is presented which demonstrates how the optimal
solution evolves under different conditions, including the LNG price in the supply ports, the time
horizon and the berthing time. A preliminary attempt to tackle uncertainty in the demand is also
made. Finally, the performance of the model on a set of larger problems is reported, demonstrating
its efficiency.

1. Introduction
According to the future scenarios presented by IEA, the demand of natural gas will witness the
fastest growth rate among the fossil fuels. The global energy demand is expected to grow by 37 %
to 2040, at an average rate of 1.1 % [1]. In this future scenario, fossil fuels will account for 55 %
of power generation with gas-firing taking over the dominant position from coal- and oil-firing [2].
The natural gas demand is expected to reach 5.4 trillion cubic meter in 2040, accounting for almost
one fourth in the energy mix supply, and becoming the second largest energy source after oil [3].
The growing natural gas market requires huge investments in the gas supply chain. Investments in
this field are particular capital-intensive due to the gaseous nature of the fuel, which makes its
handling, transportation and storage much more expensive. Traditionally, natural gas has been
transported from gas fields to consumers through pipelines in gaseous form. Pipeline transportation
is a well-established technology and a relatively economical solution for short land distances, but
when distances between supply and consumers are large or overseas, a more economical solution
is to transport it as liquefied natural gas (LNG). In liquid form, the volume of natural gas is reduced
600 times making transportation and storage of large quantities easier. LNG, which is produced by
cooling natural gas below -162 °C (at atmospheric pressure), can be transported by truck or by ship,
with the second being preferable for longer distances and larger amounts. In the maritime
transportation, LNG is shipped by specially designed insulated vessels capable of maintaining the
fuel at the liquid state while travelling from liquefaction plants to consumers. Considering the high
investment costs of infrastructure and operation, the LNG supply chain is often a large-scale one
with vessels and storages at the receiving terminals of average capacity of 150,000 m3. In recent
years, as the use of natural gas has grown in popularity, LNG has become an interesting option also
for small- to medium-scale supply chains [4,5]. Some examples can be found in Norway and in
Japan, where small-scale supply chains satisfy the need of local consumers, such as power
companies and chemical industry. Furthermore, the emission restrictions on maritime
transportation imposed by the International Maritime Organization (IMO) in various areas of the
world favor the use of LNG also as a cleaner propulsion fuel for vessels [6]. In a small-scale supply
chain natural gas can be shipped from a large import terminal to consumers through a network of
smaller satellite terminals with a combination of sea- and land-based transports. LNG carriers used
in this type of systems have smaller capacities and can perform multistep voyages. The design of
the optimum fleet composition (size and number of ships) and associated routing is a challenging
strategic decision in the supply chain optimization. The large capital investments related to the fleet

acquisition and operation make this a relevant problem for the operators involved in the LNG
transportation, such as shipping companies and goods owners.
Mathematically, this type of problem can be classified as Vehicle routing problem (VRP). VRP has
a long history, with the first papers published in the seventies [7], and therefore the literature on
the topic is very rich. Several review papers on vehicle and maritime routing have also been
published over the years. Christiansen et al. [8] presented an ample overview on maritime
transportation with a comprehensive survey on mathematical models for ship routing and
scheduling. In a more recent review [9], focused only on works presented in journals and edited
volumes between 2002 and 2011, the same authors presented a broad coverage on different types
of shipping and aspects related to the shipping business, including an extensive section on LNG
transportation. Halvorsen-Weare and Fagerholt [10] studied large-scale LNG ship routing and
scheduling, proposing a solution method by decomposition in sub-problems, where routing and
scheduling were treated separately. A study of the short sea inventory routing problem for
distribution of different oil products in the archipelago of Cape Verde was presented by Agra et al.
[11], who proposed both a discrete time and a continuous time arc-load-flow formulation. In a later
paper [12] the authors presented also a heuristic-based method to treat realistic routing problems.
A sub-problem of the general VRP is the so-called fleet size and mix vehicle routing problem
(FSMVRP), on which Hoff et al. [13] presented a review paper focusing on contributions in
FSMVRP for both maritime and land based transportation. Later, a survey on only maritime
FSMVRP was published by Pantuso et al. [14]. Here, literature was analyzed for specific
characteristics of the problem (i.e. heterogeneous/homogeneous fleet, single/multi period, etc.)
pointing out weak aspects of the available methodologies and suggesting possible future
improvement strategies. Many of the solution approaches for FSMVRP are based on heuristic
methods [15,16], but some exact formulations have also been presented. Jokinen et al. [17]
presented an MILP model for optimization of LNG transportation along the Finnish coastline. The
authors combined a one-dimensional maritime transportation problem with a land transportation
task. Baldacci et al. [18] proposed an MILP formulation with a heterogeneous fleet of vehicles in
a problem generally similar to the one we study in this paper. However, our approach differs with
respect to the concept of “feasible route”, which Baldacci et al. [18] designed based on a
generalization of the traveling salesman problem, with each consumer being associated with
exactly one route. Furthermore, we consider multiple depots (supply ports) and we allow for load
splitting to be performed by the vehicles (ships). To the best knowledge of the authors, a FSMVRP
presenting all these variants has not been studied in literature.

In the paper, we present a model as a general framework for fleet composition and ship routing
within a given time horizon. The purpose of the model is to identify optimal routes, supplyreceiving port connections, and ship sizes to solve the FSMVRP in a small-scale LNG supply chain.
In its present form the model is suited for scenario analysis and initial planning, where the
feasibility of a small-scale LNG distribution network is studied. Since the model is fast for smallor medium-sized problems, it is also well suited for sensitivity analysis, where the system is
repetitively optimized under different external conditions or constraints to gain an understanding
of the general feasibility of the point-optimal solutions. It should be stressed that the model is not
designed to tackle real-time planning or scheduling problems.
The article is organized as follows. In the next section a description of the LNG maritime
transportation problem addressed is provided and the assumptions made in the modeling are listed.
Section 3 presents the formulation of the mathematical model. In section 4 computation results of
a case study are illustrated, where an optimal supply chain of LNG distribution is designed for the
Caribbean Islands. The sensitivity of the optimal results to changes in the conditions, e.g., in the
LNG price in the supply ports, is presented, where the robustness of the optimal solutions can be
evaluated. A brief study on the effect of uncertainty in the demands is also presented. Section 5
presents the performance of the method on a set of larger test problems. Finally, in section 6 some
conclusions are drawn and lines of future work are suggested.

2. Problem Description
The problem studied in this paper can be classified as a strategic maritime transportation problem,
and specifically as an FSMVRP. We consider the regional supply of LNG from a set of potential
supply ports to a set of receiving terminals. The aim of the model is to select the optimal fleet and
routing scheme to fulfil the demand during the planned time horizon at minimum cost. The model
is mainly designed for initial planning or feasibility studies of introducing LNG in new market
areas, such as Caribbean Islands, Southeast Asia, etc. where for geographical scattered regions a
small LNG supply chain is the only option. In this context, it is crucial to make a good choice of
ships and routing paths in order to guarantee a cost-efficient supply of LNG. The problem is
formulated from the point of view of shipping companies interested in analyzing potential new
customers, supply ports delivering LNG to consumers on demand ex-ship (DES) contracts,
companies delivering full supply chain solutions (including terminal infrastructure vessels,

logistics, power plants, etc.), or simply from governmental agencies interested in studying the
feasibility of LNG-related projects.
The model is based on the following assumptions: the distances between all the ports are given;
demands at the receiving terminals are given and must be fulfilled within a given time horizon. We
assume the existence of a baseload consumer in the vicinity of the receiving port (e.g. power plant),
so LNG storages exist at the site and further transportation of the LNG to distributed consumers is
neglected. Demands for the time horizon are assumed to be smaller than the storage capacity. This
is a reasonable assumption considering the comparatively small demands in the type of supply
chain in question. Under these conditions, it is not necessary to consider inventory levels at the
receiving terminals. The ships delivering the fuel to the receiving ports are selected from a
heterogeneous fleet of vessels, where each type of ship has a given capacity, cruising speed, and
fuel consumption. Different supply ports may have different price of the LNG. Every port can be
visited more than once and some types of ships can visit several receiving ports on the same voyage,
i.e., allow for load splitting, but LNG is not bunkered at other supply ports during the voyage. Some
vessels can be restricted from visiting certain receiving ports due to their incompatibility with the
port specifications (i.e., port depth). Constraints on the maximum amount of LNG available at the
supply ports are included in the model formulation and can be parametrically set as limiting factors.
Sailing time and fuel consumptions are calculated from the given distances between ports and the
average speed of the ship type. For the case of simplicity, the speed is not dependent on the ship
load (i.e., displacement).

3. Mathematical Model
The problem formulation considers a set of port locations P, separated into two disjoint subsets S
and J, where the former represents the supply ports and the latter the receiving ports. A set of
different types of ship K is available for the transportation, with a subset L of ship types which do
not allow for load-splitting. The routing of the ships, their chartering costs and the sailing costs are
modelled using linear equations and constraints, creating a mixed-integer linear programming
(MILP) problem to be solved. The decision regarding the fleet determination is formulated with a
set of integer variables zk, which specify the number of ships of type k needed. Two other variables
determine the routing part: Integer variables, yp,j,k, represent the number of times a ship of type k
travels between ports p and j, while the continuous variables, xp,j,k, indicate the quantity of LNG in
terms of loads of ship type k that are transported from port p to port j. Ship specific parameters are

𝑓

𝑣𝑘 , representing the average cruising speed, 𝑄𝑘 the cargo capacity, 𝐶𝑘 the propulsion cost per
kilometer travelled and 𝐶𝑘𝑟 the monthly renting cost of ship k, respectively. Demands in the time
horizon H for the receiving terminals j are given by 𝐷𝑗 , while 𝑑𝑝,𝑚 express the distances between
port p and m. The price of LNG at the supply port s is 𝐶𝑠𝐿 , while the berthing time at port p is 𝑡𝑝 .
The model is defined as follows:
𝑓

min ∑ ∑ ∑ 𝐶𝑘 𝑑𝑝,𝑚 𝑦𝑝,𝑚,𝑘 + 𝐻 ∑ 𝐶𝑘𝑟 𝑧𝑘 + ∑ ∑ ∑ 𝐶𝑠𝐿 𝑄𝑘 𝑥𝑠,𝑗,𝑘
𝑝∈𝑃 𝑚∈𝑃 𝑘∈𝐾

𝑘∈𝐾

(4)

∀ 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾

𝑚∈𝑃

∑ 𝑦𝑚,𝑝,𝑘 = ∑ 𝑦𝑝,𝑚,𝑘

𝐻𝑧𝑘 ≥

(2)

(3)

∀ 𝑝 ∈ 𝑃, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾

∑ 𝑥𝑝,𝑗,𝑘 ≥ ∑ 𝑥𝑗,𝑚,𝑘

𝑚∈𝑃

∀ 𝑗 ∈ 𝐽, 𝑗 ≠ 𝑝, 𝑚

𝑚∈𝑃 𝑘∈𝐾

𝑦𝑝,𝑗,𝑘 ≥ 𝑥𝑝,𝑗,𝑘

𝑝∈𝑃

(1)

𝑠∈𝑆 𝑗∈𝐽 𝑘∈𝐾

∑ ∑ 𝑄𝑘 𝑥𝑝,𝑗,𝑘 − ∑ ∑ 𝑄𝑘 𝑥𝑗,𝑚,𝑘 ≥ 𝐷𝑗
𝑝∈𝑃 𝑘∈𝐾

𝑝≠𝑚

∀ 𝑝 ∈ 𝑃, 𝑘 ∈ 𝐾, 𝑝 ≠ 𝑚

(5)

𝑚∈𝑃

1
∙ ∑ ∑ 𝑑𝑝,𝑚 𝑦𝑝,𝑚,𝑘 + ∑ (𝑡𝑝 ∑ 𝑦𝑝,𝑚,𝑘 ) ∀ 𝑘 ∈ 𝐾, 𝑝 ≠ 𝑚
𝑣𝑘
𝑝∈𝑃 𝑚∈𝑃

𝑝∈𝑃

𝑄𝑘 𝑦𝑝,𝑗,𝑘 ≤ 𝑅𝑗 𝑦𝑝,𝑗,𝑘

𝑚∈𝑃

∀ 𝑝 ∈ 𝑃, 𝑗 ∈ 𝐽, 𝑘 ∈ 𝐾

∑ ∑ 𝑄𝑘 𝑥𝑠,𝑗,𝑘 ≤ 𝑉𝑠

∀𝑠 ∈𝑆

(6)

(7)

(8)

𝑗∈𝐽 𝑘∈𝐾

∑ ∑ 𝑥𝑖,𝑗,𝑘 = 0

∀ 𝑘 ∈ 𝐿, 𝑖 ≠ 𝑗

(9)

𝑖∈𝐽 𝑗∈𝐽

𝑥𝑠,𝑗,𝑘 ≥ 𝑓𝑦𝑠,𝑗,𝑘

∀ 𝑠 ∈ 𝑆, 𝑗 ∈ 𝐽

(10)

The objective function in Eq. (1) to be minimized is the total combined costs. The first term
expresses the shipping costs, the second term the ship rental costs and the third term the cost of
LNG. Constraints (2) guarantee that the demands (𝐷𝑗 ) of the receiving ports are satisfied. The
integer variables 𝑦 are defined based on the continuous variables 𝑥 by constraints (3). Intermediate
loading at the receiving terminals is banned by constraints (4), while route continuity is guaranteed
by (5). Constraints (6) are used to determine the number of ship types, 𝑧𝑘 , based on the time usage

in the available time horizon. Constraints (7) and (8) impose the terminal restrictions, where 𝑅𝑗
represents the size limit of the terminal in port j, here expressed as maximum ship size capacity,
and 𝑉𝑠 is the maximum amount of LNG available at supply port s during the time period. For the
specified subset of ship types, 𝐿, no-load-splitting constraints (9) and (10) are applied, and for these
ships a minimum load, expressed as a fraction (f ) of the total capacity of the ship, is imposed.
It should be noted that constraint (6) gives an approximation of the number of ship types needed to
solve the routing problem, as it lumps together the time usages of all the ships of the same type. In
the case of multiple ships of type k, it is possible that the resulting routing associated with a single
ship would be physically infeasible as it would exceed the time horizon H. The optimization still
accepts the solution if the overall time usage of all ship of type k is lower than 𝐻𝑧𝑘 . An alternative
is to apply an exact formulation by removing 𝑧𝑘 from Eq. (6) and introducing multiple ships of the
same type in the set K. However, this would result in a larger number of x and y variables, making
the optimization problem larger and its solution more time consuming. Therefore, the approximate
equation was used here because it allowed for fast computation. In case of infeasibility, the solution
can be re-optimized with the exact formulation.

4. Case Study: LNG supply chain in Caribbean
In this section we present results of a case study. First, we describe the case and report the
parameters used. Subsection 4.1 presents and discusses results obtained in the optimization of a
reference case (termed Base Case). Findings from a sensitivity analysis of key parameters are
presented in subsection 4.2. Finally, results of a brief investigation of uncertainty in demands are
reported in subsection 4.3.
In the case study the model outlined in section 3 was applied to optimize the maritime routing of a
small- to medium-scale LNG supply chain in the area of the Caribbean Islands. In this region there
are already a few LNG terminals in operation and more may be built in near future [19]. The power
production in the Caribbean Islands is today mainly based on oil and coal. Recently, renewable
sources (solar and wind) have been introduced and attention has been given to natural gas as well.
With its economic, cleaner, reliable, and more environmental-friendly aspects, natural gas seems
to be the natural bridge during a transition between fossil sources of energy and renewables. As
possible supply ports we selected three ports in relative proximity and geographically surrounding
the receiving terminals. One of these is an existing LNG export terminal located in Trinidad and
Tobago (Point Fortin), while the other two are at the stage of planning and proposal, located in

Texas (Pass Sabine) and in Florida (Jacksonville). There are five receiving terminals located in
different countries. Two are existing terminals, in the Dominican Republic (AES Andres LNG
Terminal) and in Puerto Rico (Punta Guayailla). The other three have been selected based on plans
reported in news articles: Haiti (Port-au-Prince), Jamaica (Port Esquivel), and The Bahamas (Ocean
Cay). The demands used for the receiving terminals are approximations based on the overall energy
demand of the country. Dominican Republic is the major consumer, followed by Puerto Rico with
a demand which is about one third less, while for Haiti and Jamaica, the demands are similar and
about one fifth of Puerto Rico’s demand. Finally, the demand in The Bahamas is half of that of
Haiti or Jamaica. The demands used for a time horizon of H = 30 days are reported in Table 1. This
period was chosen for the study since one month chartering time was considered suitable for a short
term trade [20]. In the later parts of the paper, the following abbreviations of the ports are used for
the sake of brevity: Trinidad and Tobago (TT), Florida (FLO), Texas (TX), Dominican Republic
(DR), Haiti (HAI), Puerto Rico (PR), Jamaica (JAM), and The Bahamas (BAH).

Table 1. The five receiving ports (with abbreviations in parentheses) and monthly LNG demands
Receiving terminal

Demand (m3)

The Bahamas (BAH)

10,000

Haiti (HAI)

18,000

Jamaica (JAM)

22,000

Puerto Rico (PR)

100,000

Dominican Republic (DR)

150,000

Inspired by information about the Norwegian small-scale LNG supply chain [21,22], ships of five
sizes (Table 2) were considered. The biggest vessel has a capacity falling between the two higher
demands. Ship parameters, such as fuel consumption, cruising speed and renting cost, have also
been taken from the Norwegian case (cf. Table 2). Load splitting is allowed for the smaller three
ship types, while for the larger ones a minimum filling fraction of f = 0.8 (cf. Eq. (10)) was imposed.
The distances between the locations (Table 3) vary in the range 150-2,000 nautical miles, which
correspond to voyages of 0.5 - 4.5 days with the smallest ship.

Table 2. Ship type and capacity, speed, fuel cost and renting cost. The color reported in the last
column refers to the way in which the ship types are indicated in the figures.
Ship Type

Capacity

Speed

Fuel Cost

Renting Cost

Color

m3

km/h

$/km

$/month

Type 1

7,500

28

26

600,000

Yellow

Type 2

15,000

30

42

900,000

Green

Type 3

30,000

32

60

1200,000

Blue

Type 4

60,000

34

80

1500,000

Red

Type 5

120,000

35

100

2250,000

Magenta

Table 3. Distances (km) between locations [23].
Distances
TT
TX
FLO
BAH
JAM
HAI
DR
PR

TT
0

TX
4047
0

FLO
3080
2206
0

BAH
2574
1758
519
0

JAM
1871
2263
1904
1393
0

HAI
1917
2526
1687
1176
537
0

DR
1183
3060
2096
1585
904
907
0

PR
996
3091
2126
1619
1133
1004
265
0

The MILP model was implemented in AIMMS 4.6 using the IBM ILOG CPLEX Optimizer [24].
The Base Case problem (see next subsection) results in 285 integer and 176 continuous variables.
The time for the solution of one case was below five seconds on a computer with an Intel Core i72600K processor.
4.1 Base Case
In this section we present results from a computational experiment termed the Base Case, where
the model was applied on the basic setup. In the first analysis, the LNG price at the different supply
ports is the same; 𝐶𝑠𝐿 = 200 $/m3 . Furthermore, no limitations regarding ship access to the ports,
or LNG available at the supply ports, are imposed (i.e., large values are used for 𝑅𝑗 and 𝑉𝑠 ). The
berthing time was set to tp = 24 h per port operation.
The results from the optimization (Table 4) of the Base Case show that the optimal fleet includes
one ship of 15,000 m3 and one of 60,000 m3 capacity, i.e., ship types 2 and 4. The ships are used

26.1 d and 23.6 d, respectively, so there is a safety margin of about five days that could be used to
handle delays along the route. Logically, the bigger ship delivers LNG to the bigger consumers
while the smaller ship supplies the ports with lower demand. The optimal routes are indicated by
arrows in Fig. 1. Note that the arrows only display the route from port to port and not the real
maritime route. Furthermore, the figure does not show how many times the same route is travelled.
This is, instead, reported in Table 4 by the y variable. In the specific case there are three return
voyages for TT – DR and two for TT - PR. The route HAI - FLO is covered twice: once as a return
voyage and once as returning path of the voyage departing from FLO and including sequential load
splitting in JAM and HAI. All the other routes are travelled only once. In summary, the optimizer
is seen to have found an ingenious combination of fleet and routes, minimizing the objective by
applying load-splitting at suitable ports. Analyzing the objective function, the main contribution is
seen to come from the LNG purchased at the supply ports, accounting for about 94 % of the total
costs. Costs from fleet renting contribute by 3.8 % and the shipping costs by 2.2 % of the total
costs.

Table 4. Routing results for Base Case expressed in terms of the variables used in solving the MILP
problem.
Route

Ship Type

y

x

TT – DR
TT – PR
TT - JAM
FLO - HAI
FLO - JAM
FLO - BAH
DR - TT
PR - TT
JAM - TT
HAI - FLO
BAH - FLO
JAM - HAI

4
4
2
2
2
2
4
4
2
2
2
2

3
2
1
1
1
1
3
2
1
2
1
1

2.50
1.67
0.67
1.00
1.00
0.67
0.00
0.00
0.00
0.00
0.00
0.47

Fig. 1. Optimal routes for the Base Case. The color of the route indicates the ship type (cf. Table
2) and the number of time travelled is reported in Table 4. A ship of type 2 splits its load on two
receiving ports on its journey.

4.2 Sensitivity Analysis
The previous subsection presented the results for the basic setup, with fixed prices and parameter
values. In practice, these values are not fully known, so it is interesting to evaluate how the solution
is affected by changes in the parameters.
4.2.1 Effect of LNG price at supply ports
In the Base Case, two supply ports were used because of their relative proximity to the demand
ports. It is natural that Texas, which is on an average more than 1000 km more distant, was left out
due to the higher transportation costs a supply from this port would result in. To investigate the
threshold values related to the LNG price at the different supply ports, the model was optimized
under a large number of combinations of LNG prices at the three supply ports: The LNG price was
changed in steps of 1.2 $/m3 from the nominal value to a maximum variation of ± 12 $/m3. All
other parameters were kept as in the Base Case. The LNG resources at the supply ports were taken
to be unlimited and the ship-port compatibility was not restricted. The results from optimizing the
213 = 9261 cases are next summarized.
Figure 2 shows contour plots of E, the objective function expressed per volume of LNG delivered
reduced by the nominal LNG price, i.e.,

∑𝑝∈𝑃 ∑𝑚∈𝑃 ∑𝑘∈𝐾 𝐶𝑘𝑓 𝑑𝑝,𝑚 𝑦𝑝,𝑚,𝑘 + 𝐻 ∑𝑘∈𝐾 𝐶𝑘𝑟 𝑧𝑘 + ∑𝑠∈𝑆 ∑𝑗∈𝐽 ∑𝑘∈𝐾 ∆𝐶𝑠𝐿 𝑄𝑘 𝑥𝑠,𝑗,𝑘
𝐸=
∑𝑗∈𝐽 𝐷𝑗

(11)

where ∆𝐶𝑠𝐿 is the difference between price of LNG at a port to the nominal price, 𝐶0𝐿 . The LNG
price in a supply port s is thus expressed as
(12)

𝐶𝑠𝐿 = 𝐶0𝐿 + ∆𝐶𝑠𝐿

The figure shows for the optimal solutions how the volumetric cost of delivered LNG varies as the
𝐿
𝐿
LNG price is changed from the nominal-point value in TT (∆𝐶TT
, abscissa) and in FLO (∆𝐶FLO
,
𝐿
ordinate). In Fig. 2a the LNG price in TX is fixed at the nominal price, i.e. 𝐶TX
= 𝐶0𝐿 . Therefore,

the Base Case solution in the diagram is the central point, labelled 0, representing the case where
𝐿
𝐿
𝐿
the LNG price is the same in all three supply ports (𝐶TT
= 𝐶FLO
= 𝐶TX
= 𝐶0𝐿 ).

a)

b)

Fig. 2. Contours of the optimal value of E (cf. Eq.(11)). The LNG price was varied from the
𝐿
𝐿
nominal point by changing it by ∆𝐶TT
in TT and ∆𝐶FLO
in FLO. The LNG price in TX is a) at the
𝐿
L
𝐿
3
nominal value (𝐶TX = 𝐶0 ) and b) 6.0 $/m below the nominal value (CTX
= 𝐶0𝐿 − 6.0 $/m3 ). In
panel a) the point with equal LNG prices in all supply ports is labelled 0 in a box, while boxed
points 1-6 are referred to in the text and in Fig. 4.

Some interesting observations can be made: The contours are seen to run practically parallel to the
axes as the price increase in either TT or FLO becomes large, except for the top right corner. This
is so because a low price in one and a high price in the other of the two close supply ports (TT and

FLO) leads to a solution where (practically) all LNG is supplied from the port with a low price. As
a threshold value has been reached, the volumetric delivery price stays constant, as the same fleet
of ships uses the same routes from the only supply port. The difference between the contours at the
extreme case of delivery from only one port is seen to be the same as the change in fuel price at the
𝐿
port in question: In Figure 2a, at an LNG price in TT of 6.0 $/m3 above the nominal price (𝐶TT
=
𝐿
𝐶0𝐿 + 6.0 $/m3 ), an increase in the LNG price in FLO from ∆𝐶FLO
= 9.6 $/m3 to 3.6 $/m3 is seen

to shift the solution from the 6.2 $/m3 contour to the 12.2 $/m3 contour, as indicated by the two
points labeled 1 and 2 along the dashed vertical line in the figure. As the LNG price in both TT and
FLO grows high enough, the contours become independent of the price in these two ports: in the
top right corner of the contour plot TX is the only supply port, yielding a volumetric delivery cost
of more than 18 $/m3. Furthermore, the figure shows that for the lowest LNG price in TT and the
highest in FLO, the volumetric delivery cost is about 1.6 $/m3, while it for the other extreme (lowest
in FLO and highest in TT) is about 3.8 $/m3. This price difference of 2.2 $/m3 can be explained by
simple reasoning: if the distance from the three supply ports to the receiving ports is approximated
as the distance to the “center of gravity” of the receiving ports, weighted by their demand of LNG
(being close to the receiving port in DR), TT is the closest supply port, 1,258 km from the demand
center of gravity. FLO and TX are further off by 528 km and 1,507 km, respectively. Thus, if the
transport for the case of simplicity is assumed to be done by ship type 3, ten round trips are needed
to satisfy the full monthly demand (300,000 m3). According to the distances reported above, this
amounts to 2  10  528 km = 10,560 km longer travelling from FLO to the demand center than
from TT, causing additional transportation costs which correspond to about 2.1 $/m3. The change
in cost due to the shorter distance from TT than from FLO to the receiving ports is also seen as an
off-diagonal location of the transition point from the horizontally- to vertically-running contours
which is shifted from the diagonal by about 2.5 $/m3.
Figure 2b shows the contour plot of E for the optimization results of the case where the LNG price
𝐿
in Texas was 6 $/m3 lower than in the nominal point (𝐶TX
= 𝐶0𝐿 − 6.0 $/m3 ) with the aim to make

this farther supply port more attractive. The patterns of the contour plot are very similar to those in
Fig. 2a, but the contour-less region in the top right corner has expanded, because TX has now
become a competitive supply port already when the LNG price in FLO and TT is little above the
nominal value.
The following paragraphs present some more findings concerning the case illustrated in Fig. 2a
L
(with CTX
= C0L ). The supply in the optimal points can be studied in Fig. 3a, which presents the

share of LNG from the different supply ports. There are three clear regions where the LNG is

primarily delivered from one port only, as mentioned above: If the price in TT is high, and the price
in FLO is low, all LNG is delivered from FLO. If the price is sufficiently high in both TT and FLO,
all LNG is supplied from TX. If the price is low in TT but high in FLO, a clear majority of the
LNG is delivered from TT. Closer scrutiny of the figure reveals that only the lowest price in TT
combined with the highest one in FLO gives a solution where all LNG comes from TT: It is not
until this point that TT becomes supplier to BAH due to its proximity to FLO.
It is also interesting to study the regions of transition between the supply ports. For instance, the
transition between main delivery from FLO to TT is seen to occur gradually, with supply from both
ports on a band along the quasi-diagonal. This is better seen in Fig. 3b, which is a top view of Fig.
3a, indicating the dominant supply ports. These findings can be compared with the contours of Fig.
2a.
a)

b)

Fig. 3. Share of LNG from different supply ports for the optimal solutions presented in Fig. 2a,
depicting TT by blue, FLO by red and TX by light green. a) Three-dimensional view. b) Top view.

A more detailed view of the transitions is provided by Fig. 4, where the LNG price in FLO was
𝐿
𝐿
𝐿
varied (𝐶FLO
= 𝐶0𝐿 + ∆𝐶FLO
), keeping the price in TT and TX fixed at 𝐶TT
= 𝐶0𝐿 + 6.0 $/m3 and
𝐿
𝐶TX
= 𝐶0𝐿 . These changes occur along the dashed vertical line in Fig. 2a. Points of specific interest
𝐿
are numbered 3-6. For 𝐶FLO
< 𝐶0𝐿 + 2.4 $/m3 all LNG is supplied from FLO, but at point 3 a

change to a new optimal state occurs, where about equal shares are supplied from FLO and TT,
while 5 % (part of Jamaica’s demand) is supplied from TX. The routes of this solution are depicted
in Fig. 5a. A ship of type 4 delivers LNG to the two main consumers in DR and PR. Compared to

the results of the Base Case, now one of the two voyages to DR is undertaken from FLO while the
partial delivery to HAI with a type 2 ship is supplied by TX. Increasing the price in FLO by about
1 $/m3 (point 4 in the figures) yields a smaller increase in the share supplied from TT and a large
increase in the supply from TX. FLO contributes by only about 7 % fulfilling the demand in BAH
and partially in HAI. The remaining LNG, previously delivered from FLO (in point 3), is now
supplied by TX with the same combination of route-ship type as in Fig. 5a. The routes are illustrated
in Fig. 5b. This distribution of the supply stays mainly unchanged as the price in FLO is further
𝐿
increased, until 𝐶FLO
≈ 𝐶0𝐿 + 8.4 $/m3 (point 5). Here a small increase in the share from TT occurs

and a simultaneous decrease in the supply from FLO. Fig. 5c reveals that it is the partial supply to
HAI that has been taken by TT while the delivery from TX remains unchanged. Finally, at point 6,
where the LNG price in FLO exceeds the nominal value by 10.8 $/m3, LNG is no longer supplied
from FLO. Instead, the share supplied from TX grows to about 57 %, while the remaining LNG is
supplied from TT. As the share from TX grows and simultaneously the average distances between
supply and demand, the fleet configuration changes, switching to bigger ships. Now the optimal
fleet has one ship of type 4 and one ship of type 3. TT still supplies the full demand in PR with the
bigger ship and only a part in DR with a type 3 ship. This route is illustrated in Fig. 5d. The
transitions observed in the optimal fleet and routes in this example serve to illustrate the complexity
of the task and the usefulness of a solver that finds the best solution under different conditions.

𝐿
𝐿
Fig. 4. Share of LNG from different supply ports for varying price in FLO, (𝐶𝐹𝐿𝑂
= 𝐶0𝐿 + ∆𝐶𝐹𝐿𝑂
),
𝐿
𝐿
𝐿
𝐿
3
and fixed prices in TT (𝐶TT = 𝐶0 + 6.0 $/m ) and TX (𝐶TX = 𝐶0 ), i.e., along the dashed vertical
line in Fig. 2a. Points of specific interest are numbered 1 - 6.

a)

b)

c)

d)

Fig. 5. Optimal routes at the distinct points depicted in Figs. 2a and 4: a) Point 3, b) Point 4, c)
Point 5, and d) Point 6. The color of the route indicates the ship type (cf. Table 2)

As for the optimal fleet, an illustration is provided in Fig. 6a, where a color code has been applied
to depict different combinations of ships. The division of the space is seen to follow the general
trends of the contours in Fig. 2a and the supply shares of Fig. 3, with a main division along the
quasi-diagonal. Above the diagonal, i.e., in the region with a main supply from TT, a fleet with one
ship of type 2 and one of type 4 is selected. It may be noted that a perturbation of the LNG price in
TT and FLO by  3 $/m3 from the nominal value (𝐶0𝐿 ) does not change the optimal fleet so the
Base Case solution is quite robust. Below the quasi-diagonal, still two ships, but now of types 3
and 4, constitute the fleet. The longer distance from FLO makes it better to travel with larger ships
(higher average speed, fewer trips). For the region with a main supply from TX, a two-ship fleet of
types 3 and 5 is used, due to a further increase in the length of the journey. It is interesting to notice
that in the transition region where TX takes over from TT (top right part of Fig. 6a), also the fleet
size gradually changes from smaller to bigger. This corresponds to the intermediate region seen as
a valley between the green and the blue plateaus in Fig. 3a, where TX and FLO supply almost equal

shares of LNG. Yet another interesting detail is the top left corner, characterized by the lowest
LNG price in TT and the highest in FLO, where a fleet change occurs as the last delivery from FLO
is omitted: Here, two ships of type 3 are used for delivering all LNG from TT.
a)

b)

c)

𝐿
Fig. 6. a) and c) Optimal fleet varying the LNG price from the nominal point by ∆𝐶𝑇𝑇
in TT and
𝐿
𝐿
by ∆𝐶𝐹𝐿𝑂
in FLO. The price in TX is the nominal value, 𝐶TX
= 𝐶0𝐿 . The color representation is
defined in the legend, where the two numbers separated by a slash show the ship type and the
number of ships. Panel c) corresponds to the solutions where a time margin of 2 d was required in
the solutions. b) Contours of the time use of the ship with the longest duration of the delivery in
the fleet of panel a).

Finally, the time required by the ships to supply the LNG was studied. Contours of the time of the
ship in the fleet with the longest use are depicted in Figure 6b for the fleet of Fig. 6a. In some
regions the limit (30 d) set for the time horizon is approached, which means that a slight obstacle
on the journey could delay the delivery. This is so particularly in the top right corner, where LNG
is delivered from the farther supply ports. In general, however, there is a margin of a few days (34 d per ship) which should be sufficient to allow for small occasional delays. As for the
approximation made in Eq. (6), an analysis revealed that all the 9261 optimal solutions of the
sensitivity study are feasible, so there is no need to re-optimize any cases with the exact formulation
(discussed in the last paragraph of section 3).
4.2.2 Effect of safety margin in delivery time and berthing time
As some of the solutions corresponded to a time use approaching 100 % of the available time during
the renting period (cf. Fig. 6b), the horizon for the supply was reduced by two days to allow for
occasional delays in the supply. The system was optimized with H = 28 d, but the ship renting costs
were kept unchanged (cf. Table 3). Figure 6c shows the optimal fleet configuration for the new
case. Compared to Fig. 6a, the change in time horizon has led to differences in the right part of the
diagram, where the original showed delivery times exceeding 28 d (cf. Fig. 6b): The shorter horizon

forces the fleet to change into a bigger configuration and the distance from TX is now too large to
make it the only supply port.
As the journeys in the system at hand are not long because of the relatively proximity of the supply
ports to the receiving ports, the berthing time was expected to play some role for the solutions. The
Re-optimizing with a berthing time of tp = 12 h revealed that the berthing time did not play a
significant role on the optimal fleet design, and produced a similar effect as an increase of the time
horizon.
4.3 Uncertainty of Demand
In the case studies in subsections 4.1-4.2 the demands in the receiving ports were fixed, and the
ships had to supply the quantities exactly satisfying the demands. In a more realistic scenario the
fleet of ships has to deal with uncertainty in the demands (and in other factors, as well). A scenario
analysis was performed where the demands were assumed to follow a Gaussian distribution with
̅𝑗 , given by the nominal values in the analysis of the earlier sections. The standard
the mean values, 𝐷
deviation of the demand was a fixed fraction,q, of the mean value. This uncertainty was considered
in the optimization by discretizing the probability distribution of the demands into three values,
̅𝑗 ± ∆𝐷𝑗 , where ∆𝐷𝑗 is the bias from the mean
one being the mean and the two other given by 𝐷
representing the demands that are clearly lower or higher than the mean (cf. Fig. 7). As the
probability distribution of the demands is known, the joint probability of a set of demands is
obtained by multiplying the probabilities, if the demands are mutually independent.

̅𝑗 − ∆𝐷𝑗
𝐷

̅𝑗
𝐷

̅𝑗 + ∆𝐷𝑗
𝐷

Fig. 7. Schematic of the discretization applied to the demand.

Our analysis used a standard deviation of the demands equaling 15 % of the nominal demand (q =
0.15). If the two tails (cf. Fig. 7) each represents 20 % of the total demand, and the demand of the
tail is chosen to make the probability of encountering a lower and a higher demand within the tail
̅𝑗 , 𝐷
̅𝑗 and (1 + 0.192)𝐷
̅𝑗 . These values were used
equal, we get the three demands (1 − 0.192)𝐷
for four of the five receiving ports, leaving out variation in the smallest demand (BAH) from the
uncertainty analysis. This simplification was made partly because a small variation in the smallest
demand was not likely to affect the solution, but also partly to reduce the size of the optimization
problem from 243 (= 35) to 81 (= 34) scenarios. The probabilities of the 81 demand scenarios now
range from 12.96 % (= 0.64) to 0.16 % (= 0.24). This system was optimized with respect to one
fleet but allowing for different routes to satisfy the demands. The time horizon was H = 30 d and
the LNG price in all supply ports vas the same (𝐶0𝐿 ). This quite big problem with 22,685 integer
variables, 14,257 continuous variables and 37,342 constraints was solved to a gap of 0.24 % in 5
hours of computation time. The optimal fleet was found to be one ship of type 3 and one ship of
type 4. Interestingly, this fleet configuration is different from the one resulting from the single
optimization of the extreme cases (where all the demands are the lowest or highest possible) or
from the case with nominal demands in all ports (cf. center point in Fig. 2a): These cases give the
same optimal fleet as the Base Case (one ship of type 2 and one ship of type 4). This demonstrates
that some of the intermediate cases are better solved using a slightly bigger ship configuration.
Figure 8 shows the routes travelled most by both ships, where the thickness of the line is
proportional to the number of times the route is travelled in all the scenarios considered. The routes
indicated with the thinnest line have been travelled 20-40 times in the 81 scenarios, while route TT
– DR and route TT – PR have been travelled 221 and 162 times, respectively.

Fig. 8. Most travelled routes by all the ships among the 81 scenarios in the uncertainty analysis.
The thickness of the lines is proportional to the number of times the route has been travelled.

5. Computational Results for a Larger System
This section presents some computational results for a case where larger supply chains were
optimized under the assumptions applied in section 3, with the aim to demonstrate feasibility of the
model to systems with many suppliers and consumers. A set of cases were created by randomly
distributing a number of supply ports and consumers in regions of a square grid, focusing on the
computational complexity and the time required to solve the problem. As the cases are purely
fictitious, the following strategy was applied to set up the problem: Quadratic regions with side
lengths of 2000 km on an 𝑁 × 𝑁 square grid were arranged as indicated in Fig. 9 (for N = 3), and
in each square two supply ports and five receiving ports were considered, with abscissa and
ordinate coordinates generated by uniformly distributed random values within (50, 1950) km,
respectively. The points were generated sequentially, and any new point which was less than 100
km from an existing point in the subregion in question was rejected. After successfully generating
the locations of the 2N2 supply ports and 5N2 receiving ports, the demands in the latter were
assigned by uniformly distributed random values in the range (10,000 , 150,000) m3, i.e., the same
range as the demands in the Caribbean case. The same fleet was also used, with the same cost and

parameters and a time horizon of H = 30 d, using the Euclidean distances between the locations as
the travelling distances between the ports. For each N, five random cases were generated.
The system was optimized running the solver to a gap of 0.5 % or less. Table 5 reports the task
complexity, the average gap and CPU time for N =1..3. Note that the case for N = 1 has a complexity
comparable to a single-point optimization of the Base Case of subsection 4.1. From the table it may
be concluded that quite large systems with tens of ports can be solved, demonstrating the efficiency
of the model, but also that the solution time increases strongly with the problem size.

Fig. 9. Large test problem with N = 3. Supply ports are denoted by solid squares, receiving ports
by solid circles, whose size is proportional to the fuel demand at the location.

Table 5. Problem complexity (number of ports, variables and constraints) and average performance
of the model.

7

Continuous
variables
211

Integer
variables
215

2

28

3781

3

63

19531

N

Ports

1

455

Gap
%
0.40

CPU Time
s
1

3785

7076

0.49

73

19535

35711

0.50

3310

Constraints

6. Conclusions and Future prospects
A mathematical model for the optimal design of a supply chain has been presented for a problem
where liquefied natural gas (LNG) is distributed from a set of potential suppliers to a set of
consumers using a heterogeneous fleet of ships. The demands of the consumers are given for a time
horizon and the model, which is based on a mixed integer linear programming formulation,
determines the optimal supply chain minimizing the costs of fuel procurement. The resulting
solution represents the fleet (sizes and number of ships), the maritime routes as well as the number
of voyages for each ship and the ship loads. The performance of the model has been illustrated by
a problem inspired by the conditions in the Caribbean Islands, where the demand of five ports was
satisfied by LNG from three potential supply ports located in the periphery of the region. A base
case was solved and the problem was expanded by undertaking a sensitivity analysis, showing how
the optimal solution evolved along with changes in conditions. The quite extensive sensitivity
analysis was facilitated by the efficient solution of the optimization problem, requiring only a few
seconds of computational time. The sensitivity analysis provided interesting findings about how
the solution changed with respect to supply ports, fleet, routing, and load splitting, illustrating the
potential of applying the technique. A preliminary study was reported addressing the problem of
uncertainty in the LNG demands of the receiving ports. Finally, a set of larger cases were tackled
to illustrate the feasibility of the model to solve more complex problems.
The MILP model developed constitutes a flexible framework that can be easily applied to tackle
other similar optimization problems. Therefore, the base model may function as a “routing tool” in
solving larger supply chain problems, where additional details and constraints are considered for
the supply and delivery. Future work will tackle larger supply chain problems imposing additional
constraint to make the problem formulation more realistic. For instance, the effect of the quantity
of charging/discharging on the berthing time, as well as constraints on the available quantities of
LNG in the supply ports will be considered. In addition, a multi-period formulation will be studied
to address variation of the demands and to estimate the optimal LNG inventory at the receiving
terminals. Another line of future work is to consider LNG transportation from the receiving
terminals to the customers, as well as the option of constructing terminals at new potential
locations. It is also possible to develop the tool to be able to tackle scheduling problems, where a
stand has to be taken on the exact time of arrival for the ships to the ports, allowing for the
consideration of additional practical constraints, such as problems associate with multiple arrivals
by ships, different time horizons to the operation of the ships in the fleet, etc. For this, however,
quite extensive modifications of the mathematical formulation would be required.
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Notation
Roman
𝐶

unit cost, $/km (propulsion), $/month (rental) or $/m3 (LNG)

𝑑

maritime distance, km

𝐷

demand, m3/month

𝑓

fraction of the total capacity of the ship, -

𝐻

time horizon, d

𝐽

subset of receiving ports

𝐾

set of ship types

𝐿

subset of ship types with no-split delivery

𝑃

set of (general) ports

𝑞

fraction of the mean value representing the standard deviation, -

𝑄

LNG capacity, m3

𝑆

subset of supply ports

𝑅

maximum ship size capacity allowed at port, m3

𝑡

berthing time, h

𝑣

average cruising speed, km/h

𝑉

maximum amount of LNG available at the supply port, m3

𝑥

ship loads transported between two ports is travelled by a ship type

𝑦

number of times a route between two ports is travelled by a ship

𝑧

number of ships

Subscripts
0

nominal price

i

receiving port, 𝑖𝜖𝐽

j

receiving port, 𝑗𝜖𝐽

k

ship type, 𝑘𝜖𝐾

m

(general) port, 𝑚𝜖𝑃

p

(general) port, 𝑝𝜖𝑃

s

supply port, 𝑠𝜖𝑆

Superscripts
f

propulsion

L

LNG

r

rental

The symbol  indicates a difference and a bar above a symbol denotes a mean value.
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