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ABSTRACT
Considerable experimental and theoretical research has been dedicated to understanding the connection between the biochemical activity of cells and their mechanical environment. This is exemplified by the common structures of developing
epithelial cells between various species, and the decay of cell population growth
rate over time. We study these two phenomena in a system of simulated cells with
identical mechanical properties, and growth factors in both epithelial and 3D configurations embedded in viscous fluid. We demonstrate that the increase in the density
of cellular systems, and the consequential crowding of cells by their neighbors are
crucial factors in causing the decay of tissue growth rate. We also show that tissue
structure can be reproduced by a purely mechanical model with a more faithful
treatment of inter-membrane interactions. Finally, we also show that, assuming all
other factors constant, growth and final structure depends on inter-membrane and
medium friction coefficients. Of these two, the latter has a stronger influence on
slowing down growth and disrupting structure.
KEYWORDS
coarse-graining; cellular systems; cell division; molecular dynamics; gpu computing

1. Introduction
Understanding mechanobiology of cellular systems is crucial to many facets of cellular
behavior including growth (1), stem cell differentiation (2, 3), embryonic morphogenesis in general (4, 5), and cell migration and taxis (6–13). Cancer cells are also
known to have purely mechanical markers (12, 14–16) and thus mechanical properties
have emerged as a potential new target for cancer drug development (15, 16). Due
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to their fundamental importance, the above effects have been studied extensively by
experiments (10, 17–20) as well as using computation and theory. Cellular systems are,
however, inherently complex and operate under non-equilibrium conditions, and hence
a lot remains to be discovered before the coupling between the physical/mechanical
properties and the biological ones is full understood (21, 22).
The importance of mechanical properties has been investigated computationally
with a variety of models (8, 10, 23–33). Current models typically approximate cell
membranes by either straight edges, such as in vertex models (23, 34–38), flat planes
as in Delaunay object dynamics (25, 39–41), or as lattice boundaries as in the cellular
Potts model (30, 31, 42–44). In general, these models do not accurately approximate
inter-membrane interactions that are crucial for mechanotransduction and mediated
by different proteins. The importance and different approach to model cell-cell contacts
is discussed in detail in the review by Van Liedekerke et al. (28).
As a new approach to model mechanobiology Palmieri et al. have recently introduced a (2D) phase-field model (8, 11). Phase-field models are typically used in modeling materials and pattern formation (45–47), and they have recently been also applied
to biomembranes (48, 49). They have the advantages that interfaces emerge spontaneously, geometry can change spontaneously and they are amenable to mathematical
analysis, see, e.g., (46, 47). However, mapping between model parameters and the underlying real systems can be challenging. For more detailed discussions of the current
models and software, please see (29, 50–52).
The current work was done with the CellSim3D model and simulator (51). It includes membrane interactions and it is available as an open source package (53). Furthermore, it leverages (currently Nvidia only) Graphics Processor Units (GPUs) enabling simulations of very large systems. Details regarding the software and its implementation are provided in (51) and we also summarize the main features in Section 2.
Our focus is on two goals: 1) The phenomenon of decay in growth rate due to
changes in density, quantified by the number of nearest neighbors of cells, in both 3D
and epithelial tissues. 2) The effects of increasing inter-membrane friction and medium
friction on cell growth and nearest neighbor distributions. The ability of CellSim3D to
reproduce mitotic index (related to tissue growth) trends over time and how growth
is related to cell density are discussed in Section 3. The latter phenomenon has been
demonstrated experimentally by (54–57). In Section 4, the structures of epithelial
and 3D tissues are correlated to the increase in density. Finally, the effects of intermembrane friction and medium friction on the structure and growth of tissues are
studied in Section 5.

2. Methodology
In this work, we assume that all cells are spherical at equilibrium. Each cell is defined
by a set of interconnected nodes on a surface of a spherical C180 fullerene (sphericity
of 95 %, calculated as (6π 1/2 V )2/3 /A for a body of volume V and surface area of A).
The force field, as illustrated in Figure 1, consists of bonded and non-bonded terms:
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Figure 1. Summary of the CellSim3D cell structure and force field, shown in 2D for simplicity. In the figure,
the surface of each cell is approximated by a hexagonal element with nodes at the vertices (small hollow circles).
Each node is bonded to three neighbors. Three such hexagonal elements are shown on the left. A representation
of the full three dimensional surface is shown in the middle and on the right. The force field contains bonded
(FB , Fθ ), pressure (i.e. growth) (FP ), and non-bonded terms. Non-bonded terms comprise attractive (FA ),
repulsive (FR ), and inter-membrane friction (FF,e ) forces which act between two different cells 1 and 2 (purple
and blue). Finally, medium friction (FF,m ) approximates interactions between the cell and the extracellular
matrix.

Of the bonded terms, FB is the force of a damped harmonic oscillator with spring
constant k B and friction coefficient γint acting on bonds, accounting for the viscoelasticity of cellular membranes approximated with a Kelvin-Voigt model (see, e.g.,
(58)). The force Fθ acting on angles θ preserves cell curvature with a harmonic potential centered on the equilibrium angles between nodes with spring constant k θ . The
non-bonded terms FR and FA are the repulsive and attractive force between different
cells, respectively. Both are approximated by harmonic potentials with spring constants
k A , k R with cutoffs R0A , R0R . The friction term, FF , is defined as FF = FF,m + FF,e ,
τ
τ
where FF,e
ij = −γext vij represents inter-membrane friction and vij is the tangential
component of inter-membrane velocity vij between the two nodes i and j each belonging to different cells that are within the cutoff of the inter-membrane attractive force
R0A . The component FF,m = −γm v where γm is the viscous drag coefficient. Together
FR , FA , and FF approximate inter-membrane interactions mediated by Cell Adhesion
Molecules (CAMs) (59–61).
Finally, the growth force due to the cell’s osmotic pressure is labeled FP . Cell growth
is mediated by internal pressure (known from experimental measurements (62)), given
by FP = P S n̂, n̂ is a normal to cell’s surface and P S is the force due to its internal pressure. This balances out the membrane elasticity approximated by harmonic
potentials that depend upon inter-node length and membrane angle. Growth is induced by increasing its internal pressure, modeled using an internal pressure growth
rate ∆(P S). This value is incremented every time step resulting in an increase of the
pressure force from (P S)o to (P S)∞ .
The parameters used in the simulations are listed in Table 1, and additional details
regarding the CellSim3D force field, methodology, parameter mapping and code implementation are given in (51). In particular, the properties of HeLa cells were used
for parameter mapping.
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Figure 2. Simulation of 3d tissue (upper panel) and epithelium (lower panel) with CellSim3D starting from
a single cell. In the case of full 3d tissue, the division plane plane vector S is chosen randomly from a unit
sphere. In the case of 2D epithelial tissue, the division plane is chosen from a unit circle in the epithelial plane
defined by a normal E. The XY plane (E = (0, 0, 1)) is shown here for simplicity, an arbitrary plane can be
specified.

2.1. Cell division in CellSim3D
CellSim3D assumes that cell division is instantaneous and occurring such that symmetrical child cells are produced oriented along a random vector S (which defines the
mitotic spindle) in 3D, as shown in the top of Figure 2. An epithelium is a quasi
two-dimensional system because the cells are three dimensional objects confined to a
plane. Most current models treat epithelia as planar systems (8, 32, 63–66). CellSim3D
portrays such systems as planar ones embedded in 3D, that is, three dimensional cells
confined into a plane with normal E, as shown in the lower panel of Figure 2. Confinement is realized by two plates, the bottom plate modeling basal tissue and the
top plate is needed to avoid excessive buckling. To simulate epithelial growth, S is
sampled from a unit circle in the plane. This produces a configuration as shown in the
snapshots in Figure 2, bottom.
The growth of 3D and epithelial tissues were simulated independently ten times
with the parameters given in Table 1. All parameters that approximate the mechanical properties where chosen to reproduce the nearest neighbor distribution of the
Drosophila wing disc (an epithelium itself), as done in the work (32). The simulated
systems contained between 5,000 to 22,000 cells, depending on the value of medium
friction, γm . The discrepancy in cell population numbers arises from the overall lower
growth rate of systems at higher medium friction coefficients, as will be discussed in
Section 5.

3. Effect of density and tissue structure on growth
There are many factors associated with the regulation of cell growth (67) in both
bacterial (68, 69) and mammalian cells (70, 71). For example, growth is thought to be
limited by nutrient diffusion as the cells’ surface area to volume ratio decreases (1).
Growth and subsequent cell division are complicated further by the complex multistep nature of mitosis. There are multiple growth models that have been used to study
tissue growth (27, 72–75). The simulations carried out here are such that the biological
4

Table 1. Values of the parameters used for this work. The values shown here determine the mechanical
properties of each cell. They are normally varied slightly to simulate cells of different types. † indicates units
of ∆t and ∗ units of mean time to cell division, which varies between cell types and is set to 1.0 in CellSim3D.
For more details and their derivation, please see (32, 51).

Parameter

Notation

Sim. Units

Nodes per cell
Node mass
Bond stiffness
Bond damping coefficient
Minimum pressure
Maximum pressure
Pressure growth rate
Attraction stiffness
Attraction range
Repulsion stiffness
Repulsion range
Growth count interval
Inter-membrane friction
Medium friction
Time step
Threshold division volume

Nc
m
kB
γint
(P S)o
(P S)∞
∆(P S)
kA
RoA
kR
RoR
—
γext
γm
∆t
V div

180
0.02–0.04
1000
100
50
65
0.002
500
0.2
1.0 × 105
0.3
1.0 × 103
1–10
1–10
1.0 × 10−4
2.0

SI Units
—
20–40
100
0.01
0.5
0.65
2.0 × 10−5
50
2
1.0 × 104
3
†

10–100
10–100
∗

2000

fg
nN/µm
g/s
nN/µm2
nN/µm2
nN/µm2
nN/µm
µm
nN/µm
µm
µg /s
µg /s
µm3

factors that could influence cell growth (e.g. cell type, nutrient concentration, cell
health, etc.) are kept constant, and only medium friction (γm ) and inter-membrane
friction (γext ) are varied.
Mitotic index (µ(t)) provides a simple measure to characterize cell proliferation (76–
78). It is often used to measure cancer cell proliferation and its response to cancer
treatment (77, 79–81). The mitotic index is related to the cell growth rate (76, 82)
and defined as the fraction of cells that are in some phase of mitosis at a certain
moment in time. The fraction is calculated at time intervals approximately the same
as the life cycle of the cells being studied. Since CellSim3D does not simulate mitosis
(t)
completely, the mitotic index is simply defined as µ|t̄ = ∆N
N (t) , where ∆N (t) is the
number of new cells created in the time interval t̄ (here, 1000 time steps were used),
and N (t) is the total number of cells at time t. In a system with no cell deaths and
ideal growth conditions (i.e., no competition for any growth factors and/or nutrients),
it is assumed that the mitotic index and the growth rate are equivalent, that is,
dN
= µ(t)N.
dt

(2)

Experimental observations in vitro (76) and previous simulations (32) have shown that
µ(t) takes the form
µ(t) = µ0 e−t/τ + µ∞ ,

(3)

where µ0 is the initial mitotic index, µ∞ is the final mitotic index of the tissue, and τ
is the half-life time of µ.
For both a 3D tissue and an epithelium ten independent simulations were run to
obtain the average mitotic index As shown in Figure 3 we observe in both cases the
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Figure 3. Mitotic index and effective density measurements of CellSim3D simulations done for (a) 3D Tissue
and (b) Epithelium cases. The black dots (µ∗ ) are the average mitotic index values measured at constant time
intervals. µ (the mitotic index) is a fit of Equation 3 to µ∗ . Red denotes the raw measurements of the effective
density ρ0 . This shows that the mitotic index depends only on density in systems of cells without cell death or
competition for nutrients. In both cases, the mean mitotic index can be fit with the form in Equation 3, the fits
are shown in the legends. The epithelial case can be compared to an experimental measurement of the mitotic
index done by (76) where the time was rescaled with a factor of 0.1 and shifted to the right by one unit.

characteristic mitotic index decay, comparable to experimental measurements by (76).
The epithelial mitotic index shows a lower overall growth rate since it is effectively a
2D system. It is also in agreement with previous 2D simulations (32). Note that the
first few generations of both systems always have a very high mitotic index. This is
because most of the cells in the those generations divide with plenty of available space.
Only later do interactions and competition between different cells occur. Hence, the
first few generations of cells are ignored for the measurement of µ.
The behavior shown in Figure 3 indicates that the decay in the mitotic index is a
purely mechanical effect as it occurs despite keeping all factors that approximate cell
health and growth (∆(P S), (P S)0 , (P S)∞ , γext , and γm ) constant over time and all
cells. The observed slowing down of tissue growth is thus due to the evolving physical
environment surrounding each cell. At the beginning of the simulation, the cells have
an abundance of space to be able to grow without any hindrance from their neighbors.
Over time, however, their environment becomes crowded due to the increasing number
of neighboring cells. Growing cells have to push neighboring cells away to be able to
grow. This crowding can be quantified with a simple measurement that is meant to
for 3D
approximate the density of cells in the system. It is defined as ρ(t) = NR(t)
3
g

tissue and ρ2D (t) = NR(t)
in epithelia. Since tissue is roughly spherical in 3D and disc
2
g
shaped in epithelia, the radius of gyration, Rg , calculated over the centers of masses
of all cells in the system is used to characterize its size. For the purpose of comparing
2D and 3D systems, we consider the normalized cell density ρ0 (t) = ρρ(t)
, where ρmax
max
is the maximum density achieved during the simulation, and therefore 0 ≤ ρ0 ≤ 1.
For both 3D and epithelium (Figure 3), ρ0 increases to unity as µ decays to µ∞ .
As tissue grows, cells fill the space between each other and the environment becomes
crowded. Over time, this limits cell growth in the centre of the system and most
growth occurs on the surface (or the perimeter in epithelia). When this behavior sets
6

in, density and growth rate both become constant. The slowing down of growth due
to an increase in density has been observed experimentally in multiple cell cultures
(54, 55, 83–87), though it is most often associated with reduction in biochemical factors
related to cell-cell contacts (83–87). This effect has also been demonstrated in other
mechanical cell models (56, 57).

4. Nearest neighbor distributions in epithelial and 3D tissue
The results in Section 3 suggest that the reduction in growth rate is due to an increase
in density and the resulting mechanical effects. In this section, we quantify crowding
by focusing on coordination. This also serves as further validation for the CellSim3D
model as the number of nearest neighbors has been measured experimentally for epithelia.
(88) compiled a number of experimental measurements of nearest neighbors (Nn )
in epithelial systems (Figure 4). Note that the proportion of cells with each value of
Nn is basically the same between species. This suggests that that even if epithelial
tissue is taken from biologically different species, the cells within the tissues may be
mechanically quite similar. Sandersius et al. showed that this may be the case by comparing to the results of another computational study with the vertex model of (63).
Here we do the same with CellSim3D and the number of nearest neighbors measured
from simulation trajectories serves as: (1) another proxy measurement for crowding,
(2) more validation for the CellSim3D model. Combined with the measurement of ρ0 ,
it would be more evidence of mechanics affecting growth. This simultaneous measurement of tissue structure and density, and their correlation(s) to growth is (are) only
possible with a more faithful representation of cell membranes, cell growth, and cell
division such as in the CellSim3D model.
Figure 4 shows the nearest neighbor distribution in a variety of epithelia from various
species compiled by Sandersius (88). The cells are biologically different as they come
from different species but the distributions are practically indistinguishable. When
considered from a purely mechanical perspective, most cells have approximately the
same mechanical structure, that is, they have a cell membrane and a cytoskeleton —
the basic mechanical properties of both are well understood and do not vary greatly
between species (89). Here, ten independent simulations were run to simulate epithelia
(as described in Section 2.1). The number of nearest neighbors was measured by conducting a Delaunay triangulation on all of the centres of masses of the cells; Delaunay
triangulation corresponds to the Wigner-Seitz cell in solid state physics.
The results are shown in Figure 4. Similar agreement was shown already by (32)
with a purely 2D model. Here, we have 3D cells confined as a 2D epithelium and the
agreement provides validation of the current more complex model. Similar agreement
has also been seen using other mechanical models (63, 64, 88, 90). Together, the above
suggests that packing is controlled primarily by the mechanics of the cellular system.
For comparison, the same analysis was done for points distributed randomly in a
plane with at least a distance of one unit between points. The result from the same
Delaunay triangulation analysis are shown in Figure 4. Notice that the proportions
are the same for experimental measurement, CellSim3D, and for randomly distributed
points at coordination values of 5 and 7, but this similarity is not true at other values of
coordination. This is due to the attractive nature of the interaction between cells that
favours a nearest neighbor count closer to 6; as stated by Thue’s theorem, hexagonal
packing is the densest possible packing for nonoverlapping circles of equal size in two
7
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Figure 4. The number of nearest neighbors obtained after simulating an epithelium with CellSim3D compared to various experimental measurements extracted from the work of (88). The cross-hatched bars are from
a CellSim3D simulation. The same distribution as in the experiment is produced. Finally, simulation and experimental data is compared to the number of nearest neighbors of randomly generated points with a spacing
of one unit between points. The number in brackets shows the number of cells in the respective systems.

dimensions (91, 92); see also the discussion about packing in (93).
To test if the distributions in Figure 4 are indeed different, χ2 -test was performed
(significance level p = 0.05). The results show that all distributions with the exception
of the randomly distributed points are the same. This result has several consequences:
1) the polygon distribution in any of the physical systems is not random. 2) The polygon distributions of the physical systems are the same independent of the organism,
and 3) the CellSim3D model spontaneously produces the same distribution as the
physical systems. The above strongly suggests that the distribution arises from the
mechanical properties of the cells.
The same nearest neighbor measurement can be carried out for the 3D tissue. Figure 5 shows Nn from 3D simulations of cells, a random distribution, and data extracted
from an experimental study of 3D jammed emulsions by (94, 96). The number of neighbors are distributed approximately in a log-normal distribution, which is given by
1
(ln Nn − Nn∗ )2
√ exp −
p(Nn ) =
2σ 2
Nn σ 2π

!
(4)

where p is the fraction of cells with the number of nearest neighbors Nn , the
2
mean number of neighbors is given by exp Nn∗ + σ2 and the variance is given by



exp(σ 2 ) − 1 exp 2Nn∗ + σ 2 . A fit of the simulation data to Equation 4 yields a mean
of approximately 15 neighbors, and variance of 3.63. The approximately log-normal
distribution occurs because filling the space with new cells is a multiplicative process
with a certain percentage of cells having some probability to divide and fill space,
which is also being reduced by some fraction To the best of the authors’ knowledge,
this measurement has not been performed experimentally for cellular systems in 3D
before. Nevertheless, one can compare these simulation results to experimental data
pertaining to similar systems such as colloids and emulsions, since cells can also be
considered as a packing of soft spheres with friction between them. We analyzed the
experimental data of (94, 96) and found that the distribution is also approximately
8
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Figure 5. Number of nearest neighbors measured for a simulated 3D tissue of cells (downward triangles),
randomly placed points (upward triangles), and experimental measurement of packing in an emulsion from (94).
(data extracted with WebPlotDigitizer (95)). Inset shows the distributions with linear scale y-axis. In all three
cases, the distributions are approximately log-normal, as can be seen from the fits to Equation 4 in solid lines.
Simulations resulted in a mean and variance of 15 and 3.63, the random system produced 16 and 8.58, and
the data from Clusel et al. produced 14 and 14.55. The number in brackets shows the number of cells in the
respective systems.

log-normal, though with different mean and variance (14 and 14.55 respectively). This
measurement suggests that the number of nearest neighbors distributions could be of
the same family in systems of soft spheres, and for 3D cellular spheroids the distribution is narrower and higher. The emulsion in (94) does not have as much adhesion
between the bodies compared to cells. We also compared these data against a random
collection of points in 3D placed such that a spacing of 1.0 is guaranteed between
points. This is a multiplicative process as the fraction of space being filled is reduced
with the addition of each new point. Again, an approximately log-normal distribution
(mean 16, variance 8.58) is found suggesting a multiplicative space filling process may
be a valid description for multiple types of systems of soft spheres. The difference
is, once again, due to interactions between the membranes of different cells, (such as
attraction) which are not present in emulsions.
Experimental measurement of spheroidal three dimensional tissues are needed to
confirm this. In simulations, tissues of different types can be modeled by altering the
parameters that define the cells, for example by changing the inter-membrane friction.
This is done computationally in the results shown in Section 5.
It has been shown before (32) that Nn approaches a constant distribution as the
tissue grows. A simple scalar value can be defined that quantifies how close the system
of cells is to the final distribution of Nn , as follows. Assume that the number of
neighbors for a cell is always a value between 1 and 25. Then vector Nn can be defined
with the components being the proportion of cells with the corresponding number of
neighbors


Nn (t) := Nn1 (t), Nn2 (t), . . . , Nn25 (t)
Nn ∈ R25 . The system of growing cells enventually converges to a steady-state, charac9
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Figure 6. The trends of ε, (a) the deviation of the measured number of nearest neighbors from its final
distribution shown in Figures 4 and 5, and (b) the relative change in the mitotic index µ as a function of ε.
(a) The number of neighbors approaches its steady-state as the density increases to its steady state. (b) The
mitotic index is highest at low ε = 0, and decreases to its steady state µ∞ over time.

terized by N̄n = limt→∞ Nn (t) which corresponds to the coordination measurements
shown in Figures 4 and 5.
The deviation, ε, from the steady state distribution N̄n is defined as
ε(t) = 1 −

|Nn (t) − N̄n |
.
|N̄n |

(5)

Thus defined, ε approaches 1 as the system grows.
One would expect the number of nearest neighbors to be correlated to an increase
in density. Figure 6 (a) shows how ε changes for the two systems as a function of
the effective density ρ0 . Indeed, as density approaches its steady state so does ε (and
therefore the nearest neighbor distribution). The two are proportional to each other,
but the proportionality constant is higher for epithelia than for 3D tissues. This is
because epithelial cells do not have as much freedom to grow and they necessarily
react to increasing density more strongly.
We can also measure how mitotic index is correlated with nearest neighbor distribution, as is done in Figure 6 (b). The mitotic index is highest at low values of ε,
it then continues to decrease proportionally to the increase in ε, until ε ≈ 0.8. That
is, when the system is about 80% close to its final morphology, growth decays much
faster and eventually settles at about 20% of its highest value (µ/µ0 ≈ 0.2).
The results in Figures 4, 5 and 6, combined with the results in Figure 3 from
Section 3, provide evidence that cell growth and the physical environment of cells
are directly related. This relationship still persists even in a purely mechanical model
where all growth factors are assumed to be constant.
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changes in γext , while the medium viscosity γm has a profound effect. The coefficients of Equation 3 of these
mitotic index measurements are shown in Figure 8.

5. The effect of medium viscosity and inter-cellular friction on growth
and number of nearest neighbors
It has been shown in previous sections that the mitotic index µ(t) are related to
density and crowding. In this section, the effects of other physical parameters on µ(t)
and N0 (t) are investigated. The simplest way to alter the environment of the cells is to
control γext and γm , the inter-membrane and medium friction coefficients. An increase
in γext would hinder the motion of cells past each other and thus affect the number
of neighbors and growth. Since γm slows down all motions in the system, one would
expect growth to slow down as well. An increase in γm can be thought to model a
thicker medium or a medium that interacts more strongly with cells.
The mitotic index measured at
0

µ (γext = 1, γm = 1, t) = µ0 (t) = µ00 e−t/τ + µ0∞
is used as reference. Twenty simulations, ten at increasing values of γext and ten at
increasing γm were run, their growth and number of neighbor distribution measured,
and compared to µ0 (t). Figure 7 (a) shows all of the trends µ(t) plotted against µ0 (t) as
a function of γext , Figure 7 (b) shows the same against γm . Figures 8 (a) and 8(b) show
how the final mitotic index µ∞ and the half-life of the mitotic index τ are affected
by changes in the coefficients of friction. In all the figures the change with respect to
γext are represented by upward facing triangles, and the change with respect to γm by
downward facing triangles.
All these figures indicate that the mitotic index is reduced by an increase in either
intermembrane or medium friction coefficients. However, medium friction has an overall higher bearing on growth dynamics than intermembrane friction though the latter
does play a role as well. This effect is confirmed when considering the initial (µ0 ) and
final (µ∞ ) mitotic index values in Figure 8 (a). Figure 8 (b), on the other hand, reveals
that the decay half-life, τ , is longer for higher γm . This is due to a higher γm causing a
much lower overall mitotic index, and the decay in it while slower, goes from a smaller
maximum to a smaller minimum.
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Figure 8. The effect of intermembrane (γext ) and medium (γm ) friction on the coefficients of Equation 3.
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0
mitotic index (µ∞ ). (b) Relative increase in the mitotic index decay half-life τµ .

Similarly as before, the change in the number of neighbors, i.e. tissue structure,
with respect to changes in γext and γm can be measured. It stands to reason that the
level of interaction between cell membranes of different cells would affect how the cells
are positioned near each other. Another scalar is introduced here, εγ , to measure this
change from the reference coordination at γext = 1 and γm = 1. εγ is defined as
εγ = 1 −

|N̄n (γext , γm ) − N̄n (γext = 1, γm = 1)|
|N̄n (γext = 1, γm = 1)|

where N̄n is the steady state nearest neighbor distribution at the corresponding values
of γext and γm . Defined thus, εγ = 1 indicates no change in structure from the reference
simulation results obtained at (γext = γm = 1). Figure 9 shows the εγ measured at
increasing γext with γm = 1 and increasing γm with γext = 1.
The number of nearest neighbors is affected by changes in γ’s, however there is a
much more marked change with increasing γm . An increase in γext increases the friction
between cells so that they cannot rearrange (or slide) as easily around each other. This
in turn changes their coordination with each other. Medium friction has a greater effect,
however. These two friction coefficients not only alter the growth behavior (Figure 7)
but also change the final structure of tissue. This effect is mechanical, but it has origins
in the biochemical signatures of the cells. In particular, the concentration and strength
of the CAMs that are used to adhere to other cells and medium. γext only approximates
the bulk behavior of the CAMs, which are known to be dynamic (59–61). Any change
in their concentration in the cell membrane will lead to changes in their interaction
strength, and therefore γext .
This disruption of structure could perhaps be alleviated by an active driving force
in the cells that rearranges and deforms the cytoskeleton to optimize the contact with
other cells—something that is missing in the CellSim3D model. The most straightforward way to implement this would be to introduce a random term in the force field,
akin to a Langevin type system. It may be that a higher temperature will drive the
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Figure 9. Steady state nearest neighbor distribution at higher inter-membrane (γext ) and medium (γm )
friction coefficients. εγ = 1 indicates a perfect match with the steady state distribution of number of nearest
neighbors (N ) at γext = 1 and γm = 1. Both inter-membrane friction (γext ) and medium friction (γm ) alter
the coordination levels attained by the cells, but medium friction has a greater effect. Altering the degree to
which the cells interact can affect their steady state nearest number distribution provided the medium is the
same.

nearest neighbor distribution to the same steady state. However, since this is a coarsegrained model, it may also be that the average oscillations in the membrane at higher
length and times scales, are negligible. It is unclear if the temperature will therefore
have any profound effect. Another term that could be added is one that simulates the
active reshaping and rearrangement that cells exhibit, such as those that cells use to
migrate. It is possible that a such term could lead to different and more preferred
distributions of nearest neighbors.

6. Conclusions
In this paper we have shown that density and crowding are the only factors governing
the growth rate of cellular systems in which death is negligible, growth factor distributions are identical between cells, the medium can be approximated as a viscous fluid,
the cells divide with random mitotic index orientation, and cell division is symmetric.
We also show that, all other factors kept constant, the viscosity of the medium has
a higher effect on the mitotic index and coordination than inter-membrane friction,
though inter-membrane friction does reduce growth to a lesser degree. It is unclear yet
what role temperature plays in this phenomenon.
We would also like to emphasize that the purpose of this work is not to establish
a phase diagram for the model. Given the large number of parameters (all based on
physical properties of cells), that would be a very difficult task.
Finally, the results presented here, especially those in Figure 4(A) and Figure 3,
show that the that the CellSim3D model is able to reproduce certain experimentally
known facts about growing cellular systems. The model can be used to study the effects
of various mechanical parameters to see how it can affect growth and coordination.
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