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COMPACTNESS AND WEAK COMPACTNESS OF

WEIGHTED COMPOSITION OPERATORS ON BMOA

JUSSI LAITILA, MIKAEL LINDSTRÖM, AND DAVID NORRBO

Abstract. We show that a weighted composition operator Wψ,ϕ is
compact on BMOA precisely when it is unconditionally converging. As
a direct consequence to this result we deduce that all weakly compact
or completely continuous weighted composition operators on BMOA are
compact. The proof of this result is based on a new simplified function-
theoretic characterization of the compactness of weighted composition
operators on BMOA.

1. Introduction

Let D be the open unit disk in the complex plane and denote by H(D)
the space of all analytic functions D → C. Throughout the entire paper,
ϕ will denote an analytic self-map of D, ϕ(D) ⊂ D, and ψ ∈ H(D). These
maps induce via composition and multiplication a linear weighted composi-
tion operator Wψ,ϕ that is defined on H(D) by (Wψ,ϕf)(z) = (MψCϕf)(z) =
ψ(z)f(ϕ(z)), z ∈ D. Our main aim in the paper is to characterize the com-
pactness and weak compactness of a weighted composition operator Wψ,ϕ

on the BMOA space of analytic functions on D that are of bounded mean
oscillation on the unit circle.

In the literature there exists many results on the equivalence of weak
compactness and compactness for (weighted) composition operators. For
example in [3] it has been proved that weakly compact weighted composi-
tion operators from Bloch type spaces into a wide class of Banach spaces
of analytic functions on the open unit disk are always compact. The much
harder well-known problem of whether every weakly compact composition
operator on the non-reflexive space BMOA is compact was settled in the
affirmative by Laitila, Nieminen, Saksman and Tylli [10]. This motivates the
natural question of whether such a result could be extended for weighted
composition operators. We shall give a positive answer to this question
by extending the approach from [10] and combining it with a new improved
function-theoretic characterization of the compact weighted composition op-
erators on BMOA. A very important ingredient in the proof of this charac-
terization is a delicate uniform density estimate for measurable sets on the
boundary of the unit disk (Lemma 3.4).
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For 1 ≤ p < ∞, Hp = Hp(D) is the Hardy space of functions f that are
analytic on D and satisfy

‖f‖pp := lim
r→1

∫ 2π

0

∣∣∣f(reiθ)
∣∣∣p dθ

2π
<∞.

For a ∈ D, let σa(z) := (a − z)/(1 − az), so that σa is the conformal
automorphism of D that exchanges the points 0 and a. Then f ∈ H2

belongs to BMOA provided that the BMOA seminorm

‖f‖∗,2 := sup
a∈D
‖f ◦ σa − f(a)‖2

is finite. For 1 ≤ p < ∞, we define the BMOA p-seminorm as ‖f‖∗,p :=

supa∈D ‖f ◦ σa − f(a)‖p. The quantity ‖f‖BMOA,2 = |f(0)| + ‖f‖∗,2 is a

complete norm on BMOA. For 1 ≤ p < ∞, it is known that ‖f‖BMOA,p :=

|f(0)| + ‖f‖∗,p is an equivalent complete norm to ‖f‖BMOA,2 . This fact

follows from the familiar John-Nirenberg lemma; see [5]:

Lemma 1.1. For every 1 ≤ p <∞,

‖f‖∗ � ‖f‖∗,p .
We denote ‖·‖BMOA = ‖·‖BMOA,2 and ‖·‖∗ = ‖·‖∗,2. The closed subspace

VMOA consists of the analytic functions having vanishing mean oscillation
on ∂D, or equivalently, of functions f ∈ BMOA such that

lim
|a|→1

‖f ◦ σa − f(a)‖2 = 0.

In the literature there exist several function-theoretic characterizations of
compactness of (weighted) composition operators on BMOA or VMOA, see
for example, [4, 11, 8, 9, 10, 16, 19, 20]. We will utilize the following charac-
terization of the bounded and compact weighted composition operatorsWψ,ϕ

on BMOA from [9]. We will use for a ∈ D the notations L(a) := log 2
1−|a|2 ,

α(ψ,ϕ, a) := |ψ(a)| ‖ϕa‖2 and β(ψ,ϕ, a) := L(ϕ(a)) ‖ψ ◦ σa − ψ(a)‖2 ,
where ϕa := σϕ(a) ◦ ϕ ◦ σa.
Theorem 1.2 ([9]). (i) Wψ,ϕ is bounded on BMOA if and only if both
supa∈D α(ψ,ϕ, a) <∞ and supa∈D β(ψ,ϕ, a) <∞.

(ii) Wψ,ϕ : BMOA → BMOA is compact if and only if all of the condi-
tions lim|ϕ(a)|→1 α(ψ,ϕ, a) = 0, lim|ϕ(a)|→1 β(ψ,ϕ, a) = 0 and

lim
s→1

sup
|ϕ(b)|≤R

∫
{|(ϕb)(ξ)|>s}

|ψ ◦ σb(ξ)|2 dm(ξ) = 0 for all R ∈ (0, 1)

hold.

We refer to [5] and [6] for further information of the spaces BMOA and
VMOA. For information of composition operators on classical spaces of
analytic functions we refer the reader to the excellent monographs [1] and
[15]. A good reference for the theory of function spaces is the book by Zhu
[21].



COMPACTNESS AND WEAK COMPACTNESS ... 3

2. Main results

We now formulate the main results of this paper. The first of them
simplifies part (ii) of Theorem 1.2.

Theorem 2.1. Let Wψ,ϕ be bounded on BMOA. Then Wψ,ϕ : BMOA →
BMOA is compact if and only if lim|ϕ(a)|→1 α(ψ,ϕ, a) = 0 and
lim|ϕ(a)|→1 β(ψ,ϕ, a) = 0.

In the case of VMOA, that is, for bounded Wψ,ϕ : VMOA → VMOA,
Theorem 2.1 follows directly from Corollary 2 in [11].

Using Theorem 2.1, we will prove that the classes of compact, weakly
compact and completely continuous weighted composition operators coin-
cide on BMOA. Recall that an operator is completely continuous if it maps
weakly convergent sequences to norm convergent sequences and that every
compact operator is completely continuous.

Theorem 2.2. Let Wψ,ϕ be bounded on BMOA. The following statements
are equivalent:

(i) Wψ,ϕ : BMOA→ BMOA is compact;
(ii) Wψ,ϕ : BMOA→ BMOA is weakly compact;
(iii) Wψ,ϕ : BMOA→ BMOA is completely continuous.

The special case of Theorem 2.2 that (i) and (ii) are equivalent for com-
position operators was earlier given in [10]. The equivalence of (i) and (iii)
for composition operators also follows directly from Proposition 7 of [10].

Theorem 2.2 is new for the special case of pointwise multipliers. Note
however, that by [9, Corollary 3.2], a pointwise multiplier Mψ : f 7→ ψf is
compact on BMOA only in the trivial case of ψ ≡ 0

The rest of the paper is organized as follows. Section 3 contains prepara-
tory material. In Sections 4 and 5 we establish the proofs of theorems 2.1
and 2.2, respectively.

3. Useful auxiliary results

The following pointwise estimate is well known; see e.g. [6].

Lemma 3.1. For f ∈ BMOA and z ∈ D,

|f(z)| . L(z) ‖f‖BMOA .

The next lemma combines several basic estimates essentially from [9] and
will be needed several times in the sequel. A direct proof of the lemma has
been presented in [11].

Lemma 3.2. (i) Let fa := σϕ(a) − ϕ(a). For all a ∈ D,

α(ψ,ϕ, a) . β(ψ,ϕ, a)/L(ϕ(a)) + ‖Wψ,ϕfa‖∗ .
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(ii) Let ga = h2a/ha(ϕ(a)), where ha(z) = log(2/(1 − ϕ(a)z)). For all
a ∈ D,

β(ψ,ϕ, a) . ‖(ψ ◦ σa − ψ(a))(ga ◦ ϕ ◦ σa − ga(ϕ(a)))‖2
+ ‖Wψ,ϕga‖∗ + α(ψ,ϕ, a).

(iii) For all f ∈ BMOA and a ∈ D,

‖Wψ,ϕf ◦ σa −Wψ,ϕf(a)‖2 . ‖(ψ ◦ σa − ψ(a))(f ◦ ϕ ◦ σa − f(ϕ(a)))‖2
+ (α(ψ,ϕ, a) + β(ψ,ϕ, a)) ‖f‖∗ .

(iv) For all f ∈ BMOA and a ∈ D,

‖(ψ ◦ σa − ψ(a))(f ◦ ϕ ◦ σa − f(ϕ(a)))‖2

. ‖f‖∗min

{
sup
a∈D

β(ψ,ϕ, a), ‖Wψ,ϕ‖ /
√
L(ϕ(a))

}
.

Lemma 3.3. If lim|ϕ(a)|→1 α(ψ,ϕ, a) = 0 and lim|ϕ(a)|→1 β(ψ,ϕ, a) = 0,
then lim|ϕ(a)|→1 ‖(ψ ◦ σa)ϕa‖2 = 0.

Proof. Clearly ‖ϕa‖∞ ≤ 1, and therefore

α(ψ,ϕ, a) = ‖(ψ ◦ σa)ϕa − (ψ ◦ σa − ψ(a))ϕa‖2
≥ ‖(ψ ◦ σa)ϕa‖2 − ‖ψ ◦ σa − ψ(a)‖2 ,

so

lim
|ϕ(a)|→1

‖ψ ◦ σa − ψ(a)‖2 + lim
|ϕ(a)|→1

α(ψ,ϕ, a) ≥ lim
|ϕ(a)|→1

‖(ψ ◦ σa)ϕa‖2 .

Since log
(

2
1−|ϕ(a)|2

)
≥ log 2 and lim|ϕ(a)|→1 β(ψ,ϕ, a) = 0, we conclude that

lim|ϕ(a)|→1 ‖ψ ◦ σa − ψ(a)‖2 = 0, and the statement follows. �

For reiθ ∈ D let I(reiθ) := {eit : |t− θ| ≤ π(1− r)}, that is, an arc of the
unit circle with midpoint eiθ and length 2π(1−r). Moreover, a dyadic arc is

a set of the form {ξ ∈ ∂D : 2πn
2k
≤ arg ξ ≤ 2π(n+1)

2k
}, k ∈ Z[0,∞[, n ∈ Z[0,2k−1].

The (normalized) Lebesgue measure of the unit circle will be denoted by m
or |·|.

The following uniform density estimate will be crucial in the proof of
Theorem 2.1.

Lemma 3.4. Let µ be a finite measure absolutely continuous with respect
to the Lebesgue measure. If E ⊂ ∂D is a measurable set with µ(E) ≥ δ0 > 0
and µ has the property that for every m-measurable subset U ⊂ E it holds
that µ(U) ≥ εµ |U | for some εµ ∈]0, 1] independent of U , then for every
% ∈]0, 1[, there is a measurable set E′ ⊂ E with

µ(E′) ≥ µ(∂D)

(
1− µ(∂D)− µ(E)

µ(∂D)− %µ(E)

)
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such that for every r ∈]0, 1[ and η ∈ E′ it holds that

µ(I(rη) ∩ E)

|I(rη)|
≥ δ20%

2εµ
16(1 + µ(∂D))2

.

Proof. We split the proof into two steps.
Step 1 We begin by showing the existence of a set E′ ⊂ E with

µ(E′) ≥ µ(∂D)

(
1− µ(∂D)− µ(E)

µ(∂D)− %µ(E)

)
such that for every dyadic arc I with I ∩ E′ 6= ∅ it holds that

µ(I ∩ E) ≥ % µ(E)

µ(∂D)
µ(I).

First, we notice that if µ(E) = µ(∂D) we can choose E′ = E. Hence, we

assume µ(E) < µ(∂D). Let % ∈]0, 1[ and λ = 1 − % µ(E)
µ(∂D) . Let C be the set

of all points η ∈ ∂D for which there exists a dyadic arc I with η ∈ I and
µ(I ∩ Ec) > λµ(I).

We will assume the following two claims, whose proofs will be postponed
after the proof of Step 1.

Claim 3.1: Almost every point in Ec belongs to C.
Claim 3.2: There exists a countable set of dyadic arcs Ij , j = 2, 3, . . .

with disjoint interior such that that µ(Ij ∩Ec) > λµ(Ij) and C ⊂
⋃∞
j=2 Ij .

Since µ is absolutely continuous with respect to m, the boundary of a
dyadic arc (two points on ∂D) has zero measure. It follows from the claims
that

µ(Ec) = µ(Ec ∩ C) = µ(
∞⋃
j=2

(Ec ∩ Ij)) =
∞∑
j=2

µ(Ec ∩ Ij)

> λ
∞∑
j=2

µ(Ij) = λµ(
∞⋃
j=2

Ij) ≥ λµ(C)

and hence

µ(C) <
µ(Ec)

λ
=

µ(Ec)

1− % µ(E)
µ(∂D)

=
µ(∂D)− µ(E)
µ(∂D)−%µ(E)

µ(∂D)

,

which gives us µ(Cc) = µ(∂D) − µ(C) > µ(∂D)
(

1− µ(∂D)−µ(E)
µ(∂D)−%µ(E)

)
> 0. It

follows from Claim 3.1 that µ(Cc \ E) = 0. Let E′ = E ∩ Cc, for which we
have

µ(E′) = µ(Cc) > µ(∂D)

(
1− µ(∂D)− µ(E)

µ(∂D)− %µ(E)

)
> 0.

Take η ∈ E′, which means η /∈ C. For every dyadic arc I containing η, we
have

µ(I ∩ E) = µ(I)− µ(Ec ∩ I) ≥ (1− λ)µ(I) = %
µ(E)µ(I)

µ(∂D)
.
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This completes the proof of Step 1. We will next prove claims 3.1 and
3.2.

Proof of Claim 3.1. First, it is clear that for every η ∈ ∂D, the family of
dyadic arcs containing η, when viewed as a subset of [0, 2π], is of bounded
eccentricity at η. Therefore, according to Corollary 3.1.7 in [17, p. 108], we
have for any measurable set E

µ(In ∩ E)

|In|
=

∫
In
χE

dµ
dm(ξ) dm(ξ)

|In|
→ χE

dµ

dm
(η) as n→∞, a.e. η ∈ ∂D,

where dµ
dm ∈ L

1 is the Radon-Nikodym derivative, which exists a.e. η ∈ ∂D
when µ is absolutely continuous. Moreover, (In) is above a sequence of
dyadic arcs such that In+1 ⊂ In and

⋂∞
n=1 In = {η}. This implies that for

almost every η ∈ Ec there exists a sequence (In) such that

µ(In ∩ Ec)
µ(In)

=

µ(In∩Ec)
|In|
µ(In)
|In|

→ 1 as n→∞.

Proof of Claim 3.2. For each z ∈ C we can find a dyadic arc Iz such that
µ(Iz ∩ Ec) > λµ(Iz). Moreover, given a set I, not the unit circle, from the
dyadic family there is exactly one member I ′ ⊃ I of the family which has
twice the length. We can therefore for each z ∈ C find a maximal dyadic arc
I ′z that satisfies µ(I ′z ∩Ec) > λµ(I ′z). Moreover, if two dyadic arcs I ′z and I ′w
for two different points in C are such that the intersection of their interior is
non-empty, then one of them is contained in the other. If both are maximal,
they must be identical. Let {I ′z, z ∈ C ′} be a family of maximal dyadic arcs
with C =

⋃
z∈C Iz =

⋃
z∈C′ I

′
z. Since (I ′z)z∈C′ have disjoint interior, there is

a finite number of each size. Ordering them by size, we see that the family
is countable.
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Step 2 Let us denote the Radon-Nikodym derivative of µ with respect to
m by F ∈ L1. Define µt = tm+ µ, t > 0. We can now obtain, for ε ∈]0, 1[,

δ0 ≤
∫
E
Fdm =

∫
E

(ε+ F )dm− ε |E| ≤ µε(E)

≤ µε(∂D)
µε(I ∩ E)

%µε(I)
= µε(∂D)

µ(I ∩ E) + ε |I ∩ E|
%µε(I)

= µε(∂D)
µ(I ∩ E)

%µε(I)
+ µε(∂D)

ε |I ∩ E|
%µε(I)

≤ µε(∂D)
µ(I ∩ E)

%ε |I|
+ µε(∂D)

ε |I ∩ E|
%µε(I)

≤ µ1(∂D)
µ(I ∩ E)

%ε |I|
+ εµ1(∂D)

|I ∩ E|
%µ(I)

≤ µ1(∂D)
µ(I ∩ E)

%ε |I|
+ εµ1(∂D)

|I ∩ E|
%µ(I ∩ E)

≤ µ1(∂D)
µ(I ∩ E)

%ε |I|
+
εµ1(∂D)

%εµ
,

where I is an arbitrary dyadic arc such that the intersection with E′, ob-
tained in Step 1, is non-empty. Put ε =

%εµ
µ1(∂D)

δ0
2 ∈]0, 1[, which yields

δ0
2
≤ 2µ1(∂D)2µ(I ∩ E)

%2εµδ0 |I|
.

For every η ∈ E′ and r ∈]0, 1[, there is a dyadic arc I such that η ∈ I ⊂ I(rη)
and |I| ≥ 1

4 |I(rη)|. Hence,

δ20%
2εµ

16µ1(∂D)2
≤ µ(I ∩ E)

4 |I|
≤ µ(I(rη) ∩ E)

|I(rη)|
.

This completes the proof of Lemma 3.4. �

Remark 3.5. The procedure used in Step 1 is essentially the same as the
one found in the arXiv version of [10] and arguments used in the proof of
Claim 3.2 can be found in [18].

4. Proof of Theorem 2.1

In the following proof, sets with a tilde should be compared with sets used
in [9] and the sets En are what is needed for the proof.

Proof of Theorem 2.1. By Theorem 1.2, Wψ,ϕ : BMOA→ BMOA is com-
pact if and only if lim|ϕ(a)|→1 α(ψ,ϕ, a) = 0, lim|ϕ(a)|→1 β(ψ,ϕ, a) = 0 and

lim
t→1

sup
|ϕ(b)|≤R

∫
Ẽ(ϕ,b,t)

|ψ ◦ σb(ξ)|2 dm(ξ) = 0 for all R ∈]0, 1[,
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where Ẽ(ϕ, b, t) := {ξ ∈ ∂D : |(ϕb)(ξ)| > t} and ϕ(ξ) is the radial limit
defined a.e. ξ ∈ ∂D. Therefore let us assume that lim|ϕ(a)|→1 α(ψ,ϕ, a) = 0
and lim|ϕ(a)|→1 β(ψ,ϕ, a) = 0 hold, but that the third condition is not valid,
that is, there exist R0 ∈]0, 1[, δ0 > 0, bn ∈ D, tn ∈]0, 1[, n ∈ N, such that
limn→∞ tn = 1, |ϕ(bn)| ≤ R0 and∫

Ẽn

|ψ ◦ σbn(ξ)|2 dm(ξ) ≥ δ0 > 0 for all n ∈ N,

where Ẽn := Ẽ(ϕ, bn, tn). We will show that this is not possible.
Let us define

En : = E(ϕ, bn, tn, R0) :=

{
ξ ∈ ∂D : |(ϕ ◦ σbn)(ξ)| >

√
1− 1 +R0

1−R0
(1− t2n)

}

=

{
ξ ∈ ∂D : 1− |(ϕ ◦ σbn)(ξ)|2 < 1 +R0

1−R0
(1− t2n)

}
and notice that the expression (3.13) in [9] shows that

lim
n→∞

∫
Ẽn

|ψ ◦ σbn(ξ)|2 dm(ξ) ∈ [δ0, 9 ‖Wψ,ϕ‖2].

The proofs of the following three claims will be postponed to the end of
the proof of Theorem 2.1.

Claim 4.1: We have

lim
n→∞

∫
En

|ψ ◦ σbn(ξ)|2 dm(ξ) ≤ 9 ‖Wψ,ϕ‖2 .

Using the estimate

1− |ϕ ◦ σbn(ξ)|2 ≤ 1 +R0

1−R0

(
1− |ϕbn(ξ)|2

)
, n ∈ N,

mentioned in [9], we see that En ⊃ Ẽn. Hence, we can choose n0 =
n0(R0, (tk)) large enough, so that n > n0 implies∫

En

|ψ ◦ σbn(ξ)|2 dm(ξ) ∈ [δ0, 10 ‖Wψ,ϕ‖2].

Henceforth δ0 < 1 will be assumed.
Claim 4.2: For every n > n0, there exists sets E′n ⊂ En of positive

measure such that for η ∈ E′n it holds that

inf
r∈]0,1[

1

I(rη)

∫
En∩I(rη)

|ψ ◦ σbn |
2 dm ≥ δ30

29(1 + 10 ‖Wψ,ϕ‖2)2
.

Claim 4.3: There exists a constant C > 0 such that∥∥(ψ ◦ σσb(a))(σϕ(σb(a)) ◦ ϕ ◦ σσb(a))
∥∥2
2

≥ C

|I(a)|

∫
I(a)
|ψ ◦ σb(ξ)|2 ρ(|ϕ ◦ σb(ξ)| , |ϕ ◦ σb(a)|)2 dm(ξ)

for every a, b ∈ D, where ρ(z, w) = |σw(z)|.
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We are now ready to obtain a contradiction. On the one hand, using
Lemma 3.3, we can find R1 ∈ [R0, 1[ such that

∣∣σϕ(bn)(a)
∣∣ ≥ R1 implies∥∥∥(ψ ◦ σσbn (a))(σϕ(σbn (a)) ◦ ϕ ◦ σσbn (a))

∥∥∥2
2
<

1

2

Cδ30
29(1 + 10 ‖Wψ,ϕ‖2)2

,

where C is the constant specified in Claim 4.3. On the other hand, by Claim
4.2, for every n > n0 we can find ηn with the property

inf
r∈]0,1[

1

I(rηn)

∫
En∩I(rηn)

|ψ ◦ σbn |
2 dm ≥ δ30

29(1 + 10 ‖Wψ,ϕ‖2)2
.

Choose N0 > n0 so that
√

1− 1+R0
1−R0

(1− t2n) > R1 whenever n > N0. More-

over, we can choose rn ∈]0, 1[ such that |(ϕ ◦ σbn)(rnηn)| = R1, because

|ϕ ◦ σbn(0)| ≤ R0 ≤ R1 <

√
1− 1 +R0

1−R0
(1− t2n)

ηn∈En
< |(ϕ ◦ σbn)(ηn)|

and r 7→ |(ϕ ◦ σbn)(rηn)| is continuous [0, 1] → [0, 1]. We have thus con-
structed a sequence (an) = (rnηn) with the properties that for every n > N0

it holds that

1

I(an)

∫
En∩I(an)

|ψ ◦ σbn |
2 dm ≥ δ30

29(1 + 10 ‖Wψ,ϕ‖2)2

and |ϕ ◦ σbn(an)| = R1, which yields

ρ(|ϕ ◦ σbn(ξ)| , |ϕ ◦ σbn(an)|) ≥ ρ

(√
1− 1 +R0

1−R0
(1− t2n), R1

)
for every ξ ∈ En. Thus we have obtained, by Claim 4.3, for every n > N0,

1

2

Cδ30
29(1 + 10 ‖Wψ,ϕ‖2)2

>
∥∥∥(ψ ◦ σσbn (an))(σϕ(σbn (an)) ◦ ϕ ◦ σσbn (an))

∥∥∥2
2

≥ C

|I(an)|

∫
I(an)∩En

|ψ ◦ σbn(ξ)|2 ρ(|ϕ ◦ σbn(ξ)| , |ϕ ◦ σbn(an)|)2 dm(ξ)

≥ ρ

(√
1− 1 +R0

1−R0
(1− t2n), R1

)2
C

|I(an)|

∫
I(an)∩En

|ψ ◦ σbn(ξ)|2 dm(ξ)

≥ ρ

(√
1− 1 +R0

1−R0
(1− t2n), R1

)2
Cδ30

29(1 + 10 ‖Wψ,ϕ‖2)2
.

Letting n→∞, we obtain

ρ

(√
1− 1 +R0

1−R0
(1− t2n), R1

)
→ 1,

and hence, a contradiction, which means

lim
t→1

sup
|ϕ(b)|≤R

∫
Ẽ(ϕ,b,t,1)

|ψ ◦ σb(ξ)|2 dm(ξ) = 0 for all R ∈]0, 1[,
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whenever lim|ϕ(a)|→1 α(ψ,ϕ, a) = 0 and lim|ϕ(a)|→1 β(ψ,ϕ, a) = 0.
This completes the proof of Theorem 2.1 once we have proved the Claims

4.1, 4.2 and 4.3.

Proof of Claim 4.1. We use the estimate

1−R0

1 +R0

(
1− |ϕbn(ξ)|2

)
≤ (1− |ϕ ◦ σbn(ξ)|2), n ∈ N,

mentioned in [9]. For the upper bound we observe that∫
En

|ψ ◦ σbn(ξ)|2 dm(ξ) ≤
∫
Ẽn(

1−R0
1+R0

)
|ψ ◦ σbn(ξ)|2 dm(ξ),

where Ẽn(q) := {ξ ∈ ∂D : q2(1− |(ϕbn)(ξ)|2) < 1− t2n} (Ẽn(1) = Ẽn). More-
over, let y(n) be a function tending to infinity such that limn→∞ y(n)(1 −
tn)→ 0 and define fn = σ

y(n)
ϕ(bn)

. For simplicity we choose y(n) = (1− tn)−
1
2 .

It follows in accordance with expression (3.13) in [9] that for n large enough,
we have

9 ‖Wψ,ϕ‖2 ≥ ‖Wψ,ϕfn‖2BMOA

≥
∫
∂D
|ψ ◦ σbn(ξ)|2

∣∣σϕ(bn) ◦ ϕ ◦ σbn(ξ)
∣∣2y(n) dm(ξ)

≥
∫
Ẽn(

1−R0
1+R0

)
|ψ ◦ σbn(ξ)|2

∣∣σϕ(bn) ◦ ϕ ◦ σbn(ξ)
∣∣2y(n) dm(ξ)

≥
∫
Ẽn(

1−R0
1+R0

)
|ψ ◦ σbn(ξ)|2

(
1− 1 +R0

1−R0
(1− t2n)

)y(n)
dm(ξ)

≥
(

1− 1 +R0

1−R0
(1− t2n)

)y(n) ∫
En

|ψ ◦ σbn(ξ)|2 dm(ξ),

which gives us the upper bound.

Proof of Claim 4.2. Let Fn :=
{
ξ ∈ ∂D : |ϕ(ξ)| >

√
1− 1+R0

1−R0
(1− t2n)

}
, n >

n0 and

F< := Fn ∩ {ξ ∈ ∂D : |ψ(ξ)|2 < δ0
2 },

F≥ := Fn ∩ {ξ ∈ ∂D : |ψ(ξ)|2 ≥ δ0
2 },

E≥ := σbn(F≥), En = σbn(Fn).

We have

δ0 ≤
∫
En

|ψ ◦ σbn |
2 dm =

∫
Fn

|ψ(z)|2 1− |bn|2∣∣1− bnz∣∣2 dm(z)

≤ δ0
2

∫
F<

1− |bn|2∣∣1− bnz∣∣2 dm(z) +

∫
F≥

|ψ(z)|2 1− |bn|2∣∣1− bnz∣∣2 dm(z)
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and hence

δ0
2
≤
∫
F≥

|ψ(z)|2 1− |bn|2∣∣1− bnz∣∣2 dm(z) =

∫
E≥

|ψ ◦ σbn(z)|2 dm(z).

Clearly, the measure µ(U) := µn(U) :=
∫
U χE≥ |ψ ◦ σbn(z)|2 dm(z), U ⊂ ∂D

measurable, is absolutely continuous with respect to m and for U ⊂ E≥, we

have µ(U) ≥ δ0
2 |U |. Lemma 3.4 and Claim 4.1 give us a set E′n with

µ(E′n) ≥ µ(∂D)

(
1− µ(∂D)− µ(E≥)

µ(∂D)− 1
2µ(E≥)

)
> 0

such that for all η ∈ E′n we have

µ(I(rη) ∩ En)

|I(rη)|
≥ δ30

29(1 + 10 ‖Wψ,ϕ‖2)2
.

The set E′n has positive Lebesgue measure, since µ is absolutely continuous
with respect to m.

Proof of Claim 4.3. Since (σσb(a) ◦σb ◦σa)(0) = 0 and this function is inner,
we get that∥∥(ψ ◦ σσb(a))(σϕ(σb(a)) ◦ ϕ ◦ σσb(a))

∥∥
2

=
∥∥(ψ ◦ σb ◦ σa)(σϕ(σb(a)) ◦ ϕ ◦ σb ◦ σa)

∥∥
2
.

The change of variable ξ = σa(η) yields∥∥(ψ ◦ σb ◦ σa)(σϕ(σb(a)) ◦ ϕ ◦ σb ◦ σa)
∥∥2
2

=

∫
∂D
|ψ ◦ σb ◦ σa(η)|2

∣∣(σϕ(σb(a)) ◦ ϕ ◦ σb ◦ σa)(η)
∣∣2 dm(η)

=

∫
∂D
|ψ ◦ σb(ξ)|2

∣∣(σϕ(σb(a)) ◦ ϕ ◦ σb)(ξ)∣∣2 ∣∣σ′a(ξ)∣∣ dm(ξ)

=

∫
∂D
|ψ ◦ σb(ξ)|2 ρ(ϕ ◦ σb(ξ), ϕ ◦ σb(a))2

1− |a|2

|ξ − a|2
dm(ξ)

≥ C

|I(a)|

∫
I(a)
|ψ ◦ σb(ξ)|2 ρ(ϕ ◦ σb(ξ), ϕ ◦ σb(a))2 dm(ξ)

≥ C

|I(a)|

∫
I(a)
|ψ ◦ σb(ξ)|2 ρ(|ϕ ◦ σb(ξ)| , |ϕ ◦ σb(a)|)2 dm(ξ).

The second last inequality can be found in e.g. [6, p. 73]

This finishes the proof of Theorem 2.1. �

5. Proof of Theorem 2.2

The following result is due to Leibov [12]. For a proof for p = 2 see Laitila,
Nieminen, Saksman and Tylli [10].
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Lemma 5.1. Let 1 ≤ p <∞. If there is a sequence (fn) in VMOA such that
‖fn‖p → 0 as n→∞, then there is a subsequence (fnk) such that

∑∞
k=1 fnk

is weakly unconditionally convergent. If further, ‖fn‖BMOA,p � 1 for all

n ∈ N, then (fnk) can be taken equivalent to the unit basis of c0.

Recall that a series
∑

n xn in a Banach space E is said to be weakly
unconditionally Cauchy if

∑
n |x∗(xn)| <∞ for all x∗ ∈ E∗, and that a basic

sequence (xn) such that infn ‖xn‖ > 0 and
∑

n xn weakly unconditionally
Cauchy is equivalent to the unit vector basis of c0, see [2, V. Corollary 7].
Therefore, if infn ‖xn‖ > 0 and

∑
n xn is weakly unconditionally Cauchy, we

may find a basic subsequence by the Bessaga-Pe lczynski principle, and so
equivalent to the unit basis of c0.

An operator T : E → F is said to be unconditionally converging if for
every weakly unconditionally Cauchy

∑
n xn the series

∑
n T (xn) is uncondi-

tionally converging in F. It is known that T is not unconditionally converging
if and only if there is a subspace E0 ⊂ E isomorphic to c0 such that the
restriction T |E0 is an isomorphism. See [7, III.3.3]. In particular, such T
cannot be weakly compact or completely continuous. This is proved e.g. in
[14, 1.11].

Theorem 2.2 thus follows directly from the following proposition.

Proposition 5.2. Let Wψ,ϕ : BMOA→ BMOA be bounded. Suppose that
Wψ,ϕ is not compact on BMOA. Then Wψ,ϕ is not uncontionally converg-
ing.

Proof. Since Wψ,ϕ is not compact, we may assume by Theorem 2.1, that
there are λ > 0 and a sequence (an) ⊂ D such that |ϕ(an)| → 1, as n→∞,
and for each n ∈ N,

α(ψ,ϕ, an) ≥ λ > 0 or β(ψ,ϕ, an) ≥ λ > 0.

Suppose first that limn→∞ |ϕ(an)| = 1 and α(ψ,ϕ, an) ≥ λ > 0 for each
n ∈ N. For each n ∈ N, let fn := σϕ(an) − ϕ(an) ∈ VMOA. Then it follows
that limn→∞ ‖fn‖2 = 0 and ‖fn‖BMOA = 1 for all n ∈ N. Using Lemma 3.2
(i), we get

α(ψ,ϕ, an) . β(ψ,ϕ, an)/L(ϕ(an)) + ‖Wψ,ϕfn‖∗ .

Since supn∈N β(ψ,ϕ, an) <∞, it follows that

λ ≤ lim inf
n→∞

α(ψ,ϕ, an) . lim inf
n→∞

‖Wψ,ϕfn‖∗.

By Lemma 5.1 there is a subsequence (fnk) such that the series
∑

k fnk
is weakly unconditionally Cauchy and equivalent to the c0-basis. Then
(
∑

kWψ,ϕfnk) is also weakly unconditionally Cauchy in BMOA and since
λ ≤ lim infn→∞ ‖Wψ,ϕfn‖∗ , we obtain a subsequence (Wψ,ϕfnk) equivalent
to the unit basis of c0. This shows that Wψ,ϕ when restricted to the span
of (fnk) is an isomorphism. This implies that Wψ,ϕ : BMOA→ BMOA is
not unconditionally converging.
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Suppose next that limn→∞ |ϕ(an)| = 1 and β(ψ,ϕ, an) ≥ λ > 0 for all n ∈
N. We can also assume that limn→∞ α(ψ,ϕ, an) = 0. Let hn(z) := log(2/(1−
ϕ(an)z)) and gn(z) := h2n(z)/hn(ϕ(an)). Then hn, gn are in VMOA for each
n ∈ N. According to Lemma 1.1,

sup
n∈N
‖hn‖∗,1 � sup

n∈N
‖hn‖∗ <∞ and sup

n∈N
‖gn‖∗,1 � sup

n∈N
‖gn‖∗ <∞.

Moreover,

‖gn‖1 =

∥∥h2n∥∥1
|hn(ϕ(an))|

=
‖hn‖22

|hn(ϕ(an))|
≤ C

|hn(ϕ(an))|
→ 0, as n→∞

and, by lemmas 3.1 and 1.1,

‖gn‖BMOA,1 &
|gn(ϕ(an))|

log(2/(1− |ϕ(an)|2))
= 1 for all n ∈ N.

Now we apply Lemma 3.2 (ii) and (iv), so for each n ∈ N,

(5.1) β(ψ,ϕ, an) . ‖gn‖∗
‖Wψ,ϕ‖√
L(ϕ(an))

+ ‖Wψ,ϕgn‖∗ + α(ψ,ϕ, an).

Hence λ ≤ limn→∞ β(ψ,ϕ, an) . limn→∞ ‖Wψ,ϕgn‖∗ . Now by applying
Lemma 5.1 with p = 1 to the sequence (gn) we obtain a subsequence
(gnk) equivalent to the c0-basis. Moreover,

∑
kWψ,ϕgnk is a weakly un-

conditionally Cauchy series for which λ ≤ lim infn→∞ ‖Wψ,ϕgn‖∗ , hence the
subsequence (Wψ,ϕgnk) may be assumed to be equivalent to the c0-basis.
Then Wψ,ϕ, when restricted to the span of (gnk), is an isomorphism. Hence
Wψ,ϕ : BMOA→ BMOA is not unconditionally converging.

This completes the proof of Proposition 5.2 and Theorem 2.2. �

Remark 5.3. The equivalence of (i) and (iii) in Theorem 2.2 can be deduced
without the help of Theorem 2.1 using an essential norm estimate from [11].

Indeed, let Fn(z) := zn. Then Fn ∈ VMOA, ‖Fn‖BMOA ≤ 1 and
the sequence (Fn) tends weakly to zero in BMOA, as n → ∞. Since
Wψ,ϕ : BMOA → BMOA is a completely continuous operator, we have
limn→∞ ‖Wψ,ϕ(Fn)‖BMOA = limn→∞ ‖ψϕn‖BMOA = 0. Moreover, every
completely continuous operator is unconditionally convergent, so the proof
of Proposition 5.2 shows that lim sup|ϕ(a)|→1 β(ψ,ϕ, a) = 0. By Theorem 2

of [11], the essential norm ‖Wψ,ϕ‖e,BMOA of Wψ,ϕ has the estimate

‖Wψ,ϕ‖e,BMOA � lim sup
n→∞

‖ψϕn‖BMOA + lim sup
|ϕ(a)|→1

β(ψ,ϕ, a).

Thus ‖Wψ,ϕ‖e,BMOA = 0, so that Wψ,ϕ is a compact operator.

Remark 5.4. Theorem 2.2 also holds when restricted to VMOA, that is, for
bounded Wψ,ϕ : VMOA→ VMOA the operator Wψ,ϕ is weakly compact if
and only if Wψ,ϕ is compact if and only if Wψ,ϕ is completely continuous.

Remark 5.5. Proposition 5.2 settles the question Q1 in [13] in the affirma-
tive.
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