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Abstract. A mechanical resonance phenomenon in the rear wheels of a common

shopping trolley is investigated. The trolley examined in this paper has the rear wheels

attached to long beams, with no horisontal bar connecting the beams. The beams are

thus free to vibrate along their entire lengths. In a resonant mode the beams vibrate

with a small amplitude in a direction perpendicular to the general motion of the trolley

and the wheels, attached to the beams by ball bearings, vibrate around a vertical axis,

with an amplitude of several degrees. The trolley may enter the resonance if the rear

wheels hit a small object, e.g. a grain of gravel, or if one of the wheels is tapped when

the loaded trolley is in motion. The resonance is stable and lasts until the trolley is

slowed down enough, or stopped. The resonance mode is modeled analytically and

the resulting differential equations are solved numerically. Comparison is made to

experimental data obtained using a high-speed video camera.
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1. Introduction

Mechanical resonances are very common and can be demonstrated using mass-spring

setups or simple pendulums. Transfer of energy between oscillatory systems are also

well known and have been demonstrated using coupled pendulums, torsional mass-

spring setups etc.[1, 2, 3] Such setups are described by coupled differential equations, in

which a (small) coupling constant enables the transfer of energy from one (vibrational)

mode to another. In most cases mechanical resonances are undesirable and measures are

taken to prevent them from occurring in structures like towers, pipes, and bridges etc. A

famous example, where failure to do this led to dire consequences, is the Tacoma Narrows

suepension bridge, which collapsed in 1940 under the influence of strong winds. However,

in that case it was not due to resonance, but rather self excitation.[4] Nevertheless, an

energy transfer from the wind to the torsional vibration of the bridge span resulted in

the collapse of the bridge. In this paper we will study the steady-state vibration of the

rear wheels of a rather ordinary shopping trolley pushed along the aisle of a supermarket.

2. Experimental

The trolley used in the experiment was a model (Wanzl light[5]) with a rather shallow

basket and long rear beams supporting the double-flanged plastic wheels with a diameter

of 116 mm, Fig. 1. The flanges fit the grooves of the conveyor belt of a stepless escalator,

keeping the trolley fixed to the escalator belt when a customer is moving up or down

with a trolley. There are also trolleys with flangeless wheels, where the corresponding

moment of inertia is larger. In the present model only the flanges rotate, i.e. the

flanges are attached to the wheelcase with ball bearings and the moment of inertia for

rolling does not involve the whole wheel. The wheelcases are attached to metallic shields

through a horisontal axle.

The rear beams are not connected to any horisontal support bar, which gives the

beams a considerable degree of freedom to vibrate. The beams are slanted rather than

vertical, forming an ∼ 30◦ angle with the vertical direction and the metal shields holding

the wheelcases are attached to the beams with ball bearings, making it easy to steer

the trolley left or right. The center of the bearings attached to the beams are located

at a distance s = 37.5 mm in front of the horisontal wheel axles, rather than on top of

them, Fig 3. This is to ensure that the wheels are oriented forward when the trolley is

in motion.

As the trolley is loaded with groceries the support forces between the floor and

the wheels increase. A mechanical resonance of the rear wheels may occur if one of

the wheels hits e.g a grain of sand or one of the wheels are lightly tapped when the

trolley is in motion. When the trolley enters the resonance the wheels begin to oscillate

around the ball bearings, as shown in Fig. 2. The resonance of the rear wheels was

recorded using a stationary high-speed video camera (Photron SA3 fastcam) using a

frame rate of 500 fps. The oscillatory motion of the wheel case and the rear beams
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Figure 1. (Color Online) Side view of the shopping trolley used in the experiment.

was quantitatively extracted from the video, by measuring the video sequence frame by

frame for four periods of oscillations.

3. Theory

Before modeling the vibrating trolley wheel mathematically let us examine the

observations qualitatively and the factors assumed to govern the phenomenon. When

the wheel of a trolley in motion is suddenly deflected the rim of the wheel is no longer

aligned with velocity vector of the mass center of the trolley. A friction force and a torque
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Figure 2. The trolley viewed from above when being pushed forward. The rear wheels

have entered the resonance and vibrate in opposite phase. Notice, the absence of a

horisontal support bar between the slanted rear beams.

will act on the rim pushing the wheel back towards alignment, i.e equilibrium. When the

wheel gets deflected also the beam suporting the wheel will bend slightly and the spring

force in the bent beam will strive to bend the beam back to its normal position. A sudden

deflection of the wheel may cause the whole trolley to move slightly in the direction of

the deflection causing also the the beam supporting the second rear wheel bend slightly.

Depending on the velocity of the trolley the forces pushing the deflected wheels back may

be large enough to cause an overshoot of the misaligned wheels. The bent, undamped

beams may also overshoot when approaching the equilibrium. The direction of the

spring forces and friction immediately change directions when the equilibrium has been

passed resulting in an overall oscillatory motion fed by friction. The bending angle (β)

of the beam, the deflection angle (θ) of the wheel and the angular velocity (φ̇) of the

wheel are the key quantities used in the modeling.

3.1. The equations of motion

In the following description we focus on a single wheel, although the resonance clearly

concerns both rear wheels. A wheel turned from the forward direction by an angle β

is depicted from above in Fig. 3. The points of contacts are located at A and B. The

trolley is moving in a direction given by the velocity ~v0, which is taken as the y axis. The

x axis is perpendicular to it and lies also in the horisontal plane. Let us assume that the
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Figure 3. The trolley wheel from above. The dashed circle indicates the location of

the vertical axis and the two vectors at A and B indicate the motion of the contact

points when angle β is increasing.

center of mass for the wheel is located half way between A and B. If a beam of length L

is bent by an angle θ the location of the center of mass in the horisontal plane is given

by ~r = (L+ lw)θ~ı−s cos β~+s sin β~ı, where lw is the distance from the tip of the beam to

the center of the wheel. If angle β is changing with time, then the contact points A and

B are moving with the velocities ~vA = (L+ lw)θ̇~ı+ v0~+ β̇l [cos(β − α)~ı+ sin(β − α)~]

and ~vB = (L + lw)θ̇~ı + v0~ + β̇l [cos(β + α)~ı+ sin(β + α)~] in the frame of the floor

(S), where l =
√
s2 + d2/4 is the horisontal distance between the vertical axis

and the contact points. At the same time the wheel is rotating with an angular

velocity φ̇ around its horisontal axis. A point on the rim that happens to be at the

contact point A (or B) is therefore moving with the velocity r0φ̇(− cos β~ + sin β~ı)

in relation to the wheel axis, where r0 is the radius of the wheel. In relation to

the floor the velocities of the two points A and B on the rim have the velocities

~v′A = (L + lw)θ̇~ı + v0~ + β̇l [cos(β − α)~ı+ sin(β − α)~] + r0φ̇(− cos β~ + sin β~ı) and
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~v′B = (L+lw)θ̇~ı+v0~+ β̇l [cos(β + α)~ı+ sin(β + α)~]+r0φ̇(− cos β~+sin β~ı). In the ideal

case, when β, θ, β̇, θ̇ are zero and the wheels are rolling without slipping, then r0φ̇ = v0
and ~v′A = ~v′B = 0.

The kinetic friction forces acting in the points of contact are given by ~FµA =

−µN~v′A|~v′A|−1 and ~FµB = −µN~v′B|~v′B|−1, where µ is kinetic friction coefficient and N

the magnitude of the support force. Hence, the direction of the forces are antiparallel

to the velocity vectors. The total friction acting on the wheel is given by the sum
~Fµ = ~FµA + ~FµB.

The friction between the floor and the wheels make the wheel rolls. If the wheel

cases are turned away from the forward direction friction may slow down the rolling of

the wheels. The equation for the rolling is given by

I1φ̈ = r0 ~Fµ · (sin β~ı− cos β~), (1)

where I1 is the moment of inertia for rotation around the symmetry axis of the flanges

and the friction is always assumed to be kinetic, as the oscillatory motion causes the

rear wheels to slip. At the wheel-case axle located at O′ a horisontal support force ~T

is acting. According to Newton’s second law the dynamics of the center of mass of the

wheel case and metal shield is given by

~T+~Fµ = m~̈r = m[(L+lw)θ̈+sβ̈ cos β−sβ̇2 sin β)]~ı+m(sβ̈ sin β+sβ̇2 cos β)~,(2)

where m is the total mass of the wheel case and the metal shield.

The slanted beams supporting the wheels can bend and oscillate in a plane

perpendicular to ~v0. The beams will act as driven cantilever pendulums with a small

angular deflection given by θ. The driving force is perpendicular to ~v0 and according to

Newton’s third law given by −~ı · ~T , when we assume that the beams will only bend in

the x direction. The differential equation governing the oscillations of a beam is

MLθ̈ +mw(L+ lw)θ̈ +ms(L+ ls)θ̈ + κθ = −~ı · ~T , (3)

where κ is the bending stiffness of the beams[7], M, mw, ms the masses of the beam,

the wheel and the metal shield, respectively (m = mw+ms) and ls indicates the location

of the mass center for the metal shield. Eq. 3 describes the bending of the beam tip,

i.e we are not interested in the shape of the bent beam. Hence we are using a simple

Hooke’s law formulation, as outlined e.g in the background of Ref. [6]. The bending

stiffness depends on the type of metal tube used for the beams, following Ref. [7], as

κ =
3EJ

L2
, (4)

where E is the modulus of elasticity and J the area moment of inertia. The beams of

the trolley have an approximately elliptical cross section and in such a case the area

moment of inertia is given by[8]

J =
1

4
π(a3ebe − a3i bi), (5)
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where ae, be (ai, bi) are the exterior (interior) minor and major half axes. The support

force ~T can be solved from Eq. 2 and upon evaluating the scalar products Eq. 3

transforms into

[(M +mw +ms)L+ (mwlw +msls)]θ̈+ κθ =~ı · ~Fµ −m[(L+ lw)θ̈+ sβ̈ cos β − sβ̇2 sin β].

or

[(M+2m)L+(m+mw)lw+msls]θ̈+κθ =~ı· ~Fµ−m(sβ̈ cos β−sβ̇2 sin β).(6)

The wheel case axle O′ is not an inertial reference point. Therefore it is better

to write the equations, governing the dynamics of the wheelcase oscillations given by

the angle β, in relation to the center of mass of the wheelcase. Ignoring the angular

momentum due to the rolling of the flanges, deflective oscillations of the wheelcase, are

modeled by the following equation

Icmβ̈~k = s(− sin β~ı+ cos β~)× ~T , (7)

where Icm is the moment of inertia for rotation of the wheelcase around an axis

perpendicular to the wheel axle. Upon inserting the expression for ~T from Eq. 2 we

obtain

Icmβ̈~k = (−ms2β̈ −ms(L+ lw)θ̈ + sFµx cos β + sFµy sin β)~k (8)

We now have three coupled differential equations

I1φ̈ = r0(Fµx sin β − Fµy cos β)

[(M+2m)L+(m+mw)lw+msls]θ̈+κθ =~ı · ~Fµ−m(sβ̈ cos β−sβ̇2 sin β)(9)

(Icm +ms2)β̈ = −ms(L+ lw)θ̈ + sFµx cos β + sFµy sin β.

In all these equations the oscillatory motion is fed by the friction. For the wheel case

there is no conventional spring force to return the wheels to the ”equilibrium position”,

only friction. It is hence the friction that act as the coupling constant between the

differential equations. It would be possible to simplify the expressions a bit using

approximations. Still, it would be hard to solve the equations analytically. Therefore,

the next step is to solve this system of equations numerically using realistic parameter

values.

4. Results and Discussion

The wheels of the rear beams of the trolley were removed and the beams were lightly

tied together with a rope. By hanging various weights on the rope the bending stiffnes κ

of the beam could be determined experimentally, table 1. The value was also calculated

using Eq. 4.

From the video high-speed video material of the oscillating wheels the maximum

deflection βmax is found to be ∼ 10◦ and the frequency of wheel oscillations 25 Hz, Fig. 4.

The bending of the beam had an amplitude of ∼ 0.55◦, Fig. 5.
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Figure 4. The deflection of the wheelcase vs. time. Experimental data obtained from

the high-speed video data. Statistical errors do not exceed the size of the symbol

The wheels are always oscillating in opposite phase, which is natural as that will

leave the center of mass of the rather heavy trolley, filled with groceries, at rest in the

x direction. The rolling resistance of the trolley increases noticeably when the wheels

enter the resonance, indicating that energy is fed into the oscillation and also dissipated.

This is qualitatively what happens, but the question is whether the above theoretical

model captures this behaviour. Table 1 summarizes all the relevant parameter values

obtained from the trolley and in particular the wheels.

The beams were assumed to be made of iron. With the table values the bending

stiffness becomes κ = 40 · 103 kN/rad, using Eq. 4, which is approximately twice the

value observed experimentally. However, the cross section of the beam is not quite

elliptic. Therefore the experimental value was used in the simulations.

The system of three equations (Eq. 9) was solved numerically with a constant

time step of ∆t = 25µs by forming expressions for ∆β̇, ∆θ̇ and ∆φ̇. After each

time step the angular velocities and angles were updated as: ϑ̇i = ϑ̇i−1 + ∆ϑ̇ and

ϑi = ϑi−1 + (ϑ̇i−1 + ∆ϑ̇)∆t, where ϑ, ϑ̇ are generic expressions the angles and the
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Figure 5. The bending of the beam vs. time. Experimental data obtained from the

high-speed video data. Statistical errors are approximately twice the size of the symbol

in the y direction.

corresponding angular velocities. For the angular accelerations β̈, θ̈ the expression

ϑ̈i = (ϑ̇i − ϑ̇i−1)/∆t was used. The angles β, θ and φ exhibited steady oscillatory

behaviour with time. Only during the first ∼ 0.5 s an increase in the amplitude was

observed. Apparently rather conservative estimates were used for the initial angles and

angular velocities. Because of these initial ”transients” the origin of the calculated

oscillations is shifted to t = 0.45 s. A situation where β, θ, β̇ and θ̇ simultaneously

would be zero and, hence cause the speeds v′A, v
′
B to be zero never occurs. Therefore, a

division with zero is avoided in the expressions for the friction forces ~FµA, ~FµB.

It was expected that the angular velocity of rolling would remain close to the initial

value determined by the speed of the trolley, i.e r0φ̇ ≈ v0, and indeed this seems to be

the case, Fig. 6. Also, the fact that most of the variation occurs for r0φ̇ < v0 makes

sense, but the regular small overshoots when r0φ̇ > v0 are more difficult to explain or

confirm experimentally. It is possible that the overshoot is connected to the angular

velocity θ̇, i.e that the bending beam ”pulls along” the wheel when β = 0◦ is approached.

The same effect prevents the speeds v′A, v
′
B from reaching zero when β = 0, which is of
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Table 1. Parameters describing the properties of the trolley

Parameter Value

κ 20(2) kN/rad

s 3.8(1) cm

v0 2.0 m/s

E 165 GPa[7]

m 0.750(5) kg

ms 0.336(5) kg

mw 0.414(5) kg

Icm 8(2) · 10−4kgm2

I1 5.1(5) · 10−4kgm2

r0 5.8(1) cm

d 2.5(1) cm

M 1.35(9) kg

L 0.49(1) m

lw 9.8(1) cm

ls 4.5(5) cm

µN 30 Na

ae 1.26(1) cm

be 2.00(1) cm

ai 0.96(1) cm

bi 1.70(1) cm

a Depends on the load of groceries and the floor type.

course good for the stability of the numerical simulations.

The simulated oscillatory behaviour of the two main parameters β and θ is shown

in Figs. 7,8. The beam and the wheelcase were oscillating in opposite phase, which

is readily seen in the high-speed video material. According to the simulation both

the wheelcase and the beams are oscillating with a frequency of 19.4 Hz, which is

slightly lower than the experimental result. However, the simulated frequency depends

essentially only on κ and the prefactor of θ̈ in Eq. 3, i.e. the expression

f =
1

2π

√
κ

ML+mw(L+ lw) +ms(L+ ls)

can be used for predicting the simulated frequency f , which of course corresponds

to free oscillations of the beam. Given the error limits of table 1 the simulated and

experimental values are not too far off from each others, when exmined using the above

ad hoc expression. The speed of the wheel rim oscillates with twice the frequency of

θ and β, which is natural as it is aligned twice with the forward direction during one

period of the wheelcase oscillation. With the present parameter values the amplitude

of the simulated wheelcase oscillations is 12.15◦, which is close the experimental result.
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Figure 6. The simulated speed of the wheel rim (r0φ̇).

In order to see which parameters in table 1 affect the simulated angles most the

parameters were varied within reasonable intervals. It turned out that the friction force

had the largest impact on the deflection amplitude β. However, that is a rather difficult

parameter to measure exactly, as it not only depends on the load of groceries, but also

on how the weight is distribited on the front and rear wheels, as well as of course the

kinetic friction coefficient. Also, the hands pushing the trolley cause an effect on the

support force. The velocity of the trolley had an impact on the amplitude, such that

higher velocities caused larger deflection. The moments of inertia had surprisingly little

impact on the amplitudes of β and θ.

When the amplitudes become larger eventually dissipations become larger. A

dissipative term proportional to θ̇ could be added in Eq. 6 of the bending beam.

In this work the adding of such an ad hoc parameter was not considered necessary,

although the damping could be measured, by studying the quality factor[9] for the

bending oscillations.

Finally, it is interesting to see whether a flangeless wheel would enter the resonance

as easily. This was done by shifting the contact points A and B to a point half way

between them, or effectively setting α = 0. Also Icm was increased by a factor of ten, as
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Figure 7. The simulated oscillation of the wheelcase.

a much larger mass is rolling in a flangeless wheel. The result was that the amplitude of

β and θ did not change almost at all and that there was very little dependence on Icm.

5. Conclusions

The vibrational resonance of the rear wheels of a rather ordinary shopping trolley was

recorded and modelled theoretically. Upon entering the resonance the two rear wheels

are ”flapping” in opposite phase in a direction perpendicular to the motion of the trolley.

Simultaneously the long beams, supporting the rear wheels oscillate, in opposite phase

in relation to the wheels by bending with an amplitude of ∼ 0.6◦. Three coupled

differential equations, for the rolling, the bending and the flapping where derived and

solved numerically. A stable oscillatory motion was found for all three angles describing

the resonance. The simulated values agreed rather well with experimental data obtained

with a high-speed video camera.
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