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Identification of low-order models using
rational orthonormal basis functions

Mikael Manngård and Hannu T. Toivonen

Abstract— A method for complexity constrained output-error
system identification using rational orthonormal basis functions
is presented. The model is expanded in terms of a Hambo
basis, which generalizes several well-known bases such as the
natural basis, Laguerre and Kautz basis. Properties of the
Hambo operator transform induced by the basis functions are
used to constrain the model order in the operator domain.
The identification problem is formulated as a rank-constrained
least-squares minimization problem, which is relaxed using
the nuclear-norm to form a convex optimization problem.
We demonstrate on a numerical example that the proposed
identification method can outperform other state-of-the-art
methods which rely on model order reduction to obtain low-
order models.

I. INTRODUCTION

Across all disciplines of science and engineering, there is
an interest in finding simple models describing the nature of
available observations. For example, in the field of control
engineering, low-order dynamical models are used to synthe-
size model-based controllers and state observers. Since syn-
thesized controllers and observers typically are of the same
order as the model, finding the simplest model compatible
with the available data is of interest. Traditionally, low-order
models have been identified by either specifying the model
structure prior to identification, or by identifying a high-
order model and applying additional approximative model-
order reduction such as Hankel-norm model-order reduction
[5] and balanced model truncation [24]. However, recent
advances in sparse optimization and rank minimization have
provided new tools for constructing identification methods
that constrain the model order during identification.

By expanding a model in terms of an orthonormal basis,
the system identification problem can typically be formulated
as a linear least-squares problem. King and Paraskevopoulos
[15] and Wahlberg [28], [29] introduced the Laguerre and
Kautz bases for identification of single-input single-output
systems and Van den Hof et al. [26] presented a least-
squares identification method using generalized orthogonal
basis functions. Ninnes and Gustafsson [20] presented a
general method for constructing orthonormal basis functions
that allow prior information of the pole locations to be
incorporated into the system identification. Although the
linear-in-parameter structure of orthonormal basis function
models is appealing, the identified models are typically of
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Science and Engineering, Åbo Akademi University, Biskopsgatan
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high order and overfitted to the data. This is especially a
problem if the sequence of data used for identification is
either short or corrupted by disturbances.

An approach to remedy the problem of overfitting has been
by regularization [25]. For example in [1] a Kernel method
for regularized system identification using general orthonor-
mal basis-functions has been presented. Alternatively, one
could directly constrain the model order during identification.
Since the McMillan degree of a system is given by the rank
of its Hankel operator, a low-order model can be identified
by solving a rank-constrained optimization problem. Since
rank minimization problems are in general non-convex and
often intractable to solve exactly, the nuclear norm has been
introduced as a convex relaxation of the rank function [4],
[22].

A nuclear-norm based subspace method for identification
of prediction-error models has been presented in [27], a
SPARSEVA approach for reweighted nuclear norm regular-
ization in [9], and nuclear-norm based subspace methods for
identification in the presence of missing data, trends and
outliers have been presented in [16], [17]. Nuclear norm
regularization has also been used for identification of finite
impulse response (FIR) models [7], [6], [22], and this was
extended to Laguerre basis function models in [18].

In this paper, we further extend these results to identi-
fication using Hambo basis functions. The Hambo basis is
constructed from a pre-specified set of poles, which allows a
priori information of the time constants of the system to be
incorporated into the model. For an appropriately constructed
basis, fewer number of expansion coefficients are in general
needed compared to FIR and Laguerre basis function models.

In contrast to other state-of-the-art identification methods,
where model-order reduction is used to find a low-order
approximation of an identified model, the proposed identi-
fication method is constructed such that a low-order partial
realization can be found from a finite set of identified basis-
function expansion coefficients. The identification problem
presented in this paper is formulated as a rank-constrained
least-squares optimization problem which is relaxed using
the nuclear norm to form a convex optimization problem.

The paper is outlined as follows: in Section II the main
problem is introduced; in Section III a brief review of the
Hambo basis and its induced transforms are presented; in
Section IV the identification problem is formulated as a
rank-constrained least-squares problem which can be relaxed
using the nuclear norm; and in Section V the proposed
method is validated on a simulated benchmark problem.



II. PROBLEM STATEMENT

We consider the problem of identifying a low-order single-
input single-output model G with input-output relation

y(t) = G(q)u(t) + v(t), (1)

where q is the forward shift operator, u(t) and y(t) are
measured input and output signals, and v(t) is a sequence of
noise at time instances t = 0, 1, ..., N −1. A linear, discrete-
time invariant (LTI) system G of finite order has a state-space
realization (A,B,C,D) with input-output relation

x(t+ 1) = Ax(t) +Bu(t) (2)
y(t) = Cx(t) +Du(t), (3)

state vector x(t) ∈ Rn and Z-domain transfer function
G(z) = C(zI−A)−1B+D, z ∈ C. The system identification
problem considered in this paper is defined as follows:

Problem 1: Given a sequence of input-output data pairs
u(t), y(t) for t = 0, 1, ..., N − 1, identify the model Ĝ(z) =
Ĉ(zI − Â)−1B̂ + D̂ of McMillan degree n that minimizes
the output-error cost

J(Ĝ) =

N−1∑
t=0

|y(t)− Ĝ(q)u(t)|2.

By expressing the system in a state-space form, minimiz-
ing of the output-error cost in Problem 1 would typically
result in a non-convex optimization problem. However, by
parameterizing Ĝ(z) in terms of a truncated expansion

Ĝ(z) =

m∑
k=1

gkΨk(z), (4)

where the expansion coefficients gk ∈ Rnb and Ψk(z) are
nb-dimensional rational transfer functions constituting an
orthonormal basis in the space of strictly-proper and stable
transfer functions, denotedH2, the output-error identification
problem can approximately be solved as a linear least-
squares problem. For stable systems, the expansion coeffi-
cients gk converge asymptotically to zero as k → ∞ and
the truncation error can thus be made arbitrarily small by
identifying a large enough number of expansion coefficients.
However, in practice, without the use of regularization,
identifying a large number of terms in the expansion (4)
will often result in a high-order model. Hence, it is well
motivated to constrain the model order during identification.
Problem 1 has been solved for systems expanded in terms
of the natural basis {z−(k−1)}k=1,2,... [7], [6], [22] and the
Laguerre basis [18]. In this paper, we generalize previous
results to rational orthonormal basis-function expansions.

In order to constrain the McMillan degree of a model ex-
pressed in terms of a rational orthonormal basis, we first need
to establish a connection between the expansion coefficients
gk, for k = 1, 2, ..., and the model order. Conveniently, such
a connection is readily to be found in the Hambo-transform-
theory literature [3], [2], [11], [12]. In the following section,
key properties of the Hambo basis and the induced system
transform are summarized.

Gb(q) Gb(q) · · · Gb(q) · · ·
u(t) y1(t) y2(t) yk−1(t) yk(t)

x1(t) x2(t) xk(t)

Fig. 1. Cascade of inner functions.

III. HAMBO BASIS FUNCTIONS AND TRANSFORMS

In this section, we summarize how complete orthonormal
bases can be constructed from inner (all-pass) transfer func-
tions. Let’s first note that the single-pole transfer function
G0(z) = 1−ξ̄z

z−ξ with pole |ξ| < 1 is inner. Since the input-
output transfer function of a cascade connection of inner
functions is also inner, a rational inner function Gb(z) with
multiple poles {ξi}i=1,2,...,nb

can be constructed as

Gb(z) =

nb∏
i=1

1− ξ̄iz
z − ξi

. (5)

A set of linearly independent inner functions can be con-
structed as {Gkb(z)}k=1,2,....

The transfer function describing the relation between the
input u(t) ∈ R and the kth state vector xk(t) ∈ Rnb of the
cascade connection depicted in Figure 1 is given by

Ψk(z) = Ψ1(z)Gk−1
b (z), k = 1, 2..., (6)

where Ψ1(z) = (zI − Ab)−1Bb and (Ab, Bb, Cb, Db) is a
balanced realization of Gb. We denote the transfer function
describing the relation between the input u(t) and the ith
state of xk(t)

Ψk,i(z) = eTi Ψk(z), (7)

where ei is the ith Euclidean basis vector in Rnb . It can
be shown that the set {Ψk,i(z)}k=1,2,..., i=1,2,...,nb

is an
orthonormal set in H2 [3]. Since |ξi| < 1 for i = 1, ..., nb,
the set {Ψk,i(z)}k=1,2,..., i=1,2,...,nb

constitutes a complete
basis in H2 [20].

The basis constructed in the above described way has been
referred to as the Hambo basis [12], and generalizes several
well-known bases such as
• The natural basis {z−(k−1)}k=1,2,..., which is con-

structed from a single-pole inner function Gb(z) with
pole ξ = 0.

• The Laguerre basis [14], [21], [28], which is constructed
from a single-pole inner function Gb(z) with (real) pole
|ξ| < 1.

• The two-parameter Kautz basis [29], which is con-
structed from a two-pole inner function Gb(z) with
either real or complex conjugated poles |ξi| < 1, i =
1, 2.

A. Hambo operator transform

As {Ψk,i(z)}k=1,2,..., i=1,...,nb
is an orthonormal basis in

H2, the set {ψk,i(t)}k=1,2,..., i=1,2,...,nb
, where ψk,i(t) is the

impulse response of (7), is an orthonormal basis of the `2(N)
space [12]. The Hambo signal transform [11] of a signal



x ∈ `2(N) is denoted x̃ ∈ `nb
2 (N) and is defined by the basis

function expansion

x(t) =

∞∑
k=1

nb∑
i=1

x̃k,iψk,i(t),

where x̃k,i = eTi x̃k. For a system G ∈ H2 and signals
u, y ∈ `2(N) such that y(t) = G(q)u(t), the Hambo operator
transform is defined as the system G̃ ∈ Hnb×nb

2 that satisfies

ỹk = G̃(λ)ũk, k = 1, 2, ...,

where ũ, ỹ ∈ `nb
2 are the Hambo signal transforms of u, y

respectively and λ is the shift operator in the transform
domain such that ỹk+1 = λỹk [12]. Properties of the Hambo
signal and operator transforms have been thoroughly studied
and are readily available in the literature [12], [2], [11]. The
most relevant properties to our identification problem are
summarized below.

Let G(z) ∈ H2 be a rational transfer function. Given
a basis {Ψk(z)}k=1,2,... associated with the inner function
Gb(z), the Hambo operator transform G̃(λ) of G(z) can be
expressed as

G̃(λ) =

∞∑
k=0

Mkλ
−k,

with Markov parameters Mk ∈ Rnb×nb . The Hambo-domain
Markov parameters Mk and the expansion coefficients gk in
(4) are related as follows:

Theorem 1: Let G(z) ∈ H2 be a system expanded in
terms of a Hambo-basis {Ψk(z)}k=1,2,... as in (4). Then,
the Markov parameters Mk of the Hambo operator transform
G̃(λ) satisfy

Mk =

{∑nb

i=1 g1,iP
T
i , k = 0∑nb

i=1 gk+1,iP
T
i + gk,iQ

T
i , k ≥ 1,

where Pi, Qi ∈ Rnb×nb for i = 1, 2, ..., nb are solutions to
the Sylvester equations

Pi = AbPiA
T
b +Bbe

T
i A

T
b ,

Qi = ATbQiAb + CTb e
T
i ,

where (Ab, Bb, Cb) is a balanced state-space realization of
the inner function Gb(z) used to construct the basis.
Proof: See [2, Chapter 5.3.1].

Although one can compute the Markov parameters Mk for
k = 0, 1, ...m − 1 from an arbitrary sequence of expansion
coefficients coefficients gk for k = 1, 2, ...,m, the reverse is
necessarily not possible when nb > 1. This implies that,
given an arbitrary sequence Mk for k = 0, 1, ...,m − 1,
a partial Hambo-domain realization (Ã, B̃, C̃) satisfying
Mk = C̃Ãk−1B̃ for k = 0, 1, ...,m− 1 does not necessarily
have a valid inverse transform (A,B,C) such that gk for
k = 1, 2, ...,m are the first expansion coefficients of G(z) =
C(zI −A)−1B. However, conditions for when the minimal
partial realization problem can be solved have been presented
in [2], [3] and are given in Theorem 2.

Theorem 2: Let gk for k = 1, 2, ...,m, be an arbitrary
sequence of m > 2 vectors in Rnb and let Mk be derived

from gk and gk+1 as in Theorem 1. Then there exists an (up
to a similarity transform) unique realization (Ã, B̃, C̃) with
McMillan degree n, and a vector B such that
(a) Mk = C̃Ãk−1B̃ for k = 1, 2, ...,m − 1, and gk =

C̃Ãk−1B for k = 1, 2, ...,m,
(b) Mk = C̃Ãk−1B̃ and gk = C̃Ãk−1B satisfy Theorem 1

for all k = 1, 2, ...,
if and only if there exist positive integers s, s′ such that the
block-Hankel matrix

H̄s,s′ =

K1 · · · Ks′

...
. . .

...
Ks · · · Ks+s′−1


with Kk = [Mk g

T
k gTk+1], satisfies

rank(H̄s,s′) = rank(H̄s+1,s′) = rank(H̄s,s′+1) = n.
Proof: See [3], [2].

Remark 1: Note that for a single pole Laguerre basis,
there is a one-to-one correspondence between Mk and gk.
See for example [18].

Given a stable Hambo-domain system G̃(λ) = C̃(λI −
Ã)B̃+D̃ with balanced state-space realization (Ã, B̃, C̃, D̃),
a corresponding time-domain realization (A,B,C,D) is
given by the inverse Hambo transform [11]

B = ÃBDT
b + B̃CTb , (8)

C = DT
b CÃ+BTb C̃, (9)

D = DbDD
T
b + Cb

(
D̃CTb + C̃BDT

b

)
, (10)

X̃oA = ÃT
(
X̃oA

)
Ã+ C̃T

(
ATb C̃ + CTb CÃ

)
, (11)

where the obervability Gramian X̃o of G̃(λ) is given by
X̃o = ÃT X̃oÃ + C̃T C̃. Several properties remain invariant
between systems G(z) and its Hambo transform G̃(λ).
In particular, stability and the Hankel singular values are
invariant under the Hambo transform [10], from which is
follows that McMillan degree of systems G(z) and G̃(λ)
are the same.

IV. RANK-CONSTRAINED SYSTEM IDENTIFICATION

Since the McMillan degree of a system is preserved under
the Hambo transform and there is an explicit relation between
the expansion coefficients gk and the Hambo-domain Markov
parameters Mk, Problem 1 can be approximately stated as a
rank-constrained least-squares problem

minimize
{gk}

N−1∑
t=0

|y(t)−
m∑
k=1

gkΨk(q)u(t)|2

subject to rank(H̄s,s′) ≤ n
(12)

using a truncted model expansion (4). The block-Hankel
matrix H̄s,s′ is defined as in Theorem 2 where s, s′ are
selected such that min{s, s′} > n and s + s′ − 1 = m.
The parameters s, s′ should be viewed as upper bounds on
the model order. The error introduced by truncating (4) can
be made arbitrary small by selecting a large number of
expansion coefficients, and as m→∞, a solution to (12) is
equal to that of Problem 1.



A branch-and-bound based method for solving fixed-rank
optimization problems that could be applied for solving (12)
has been presented in [23]. However, since rank-constrained
optimization problems are in general NP-hard, and finding a
globally optimal solution might be intractable in practice, it
has become common practice to relax the rank function with
the nuclear norm [22].

Definition 1: The nuclear norm of a matrix X ∈ Rm×n,
denoted by ‖ · ‖∗, is defined as

‖X‖∗ :=

min{m,n}∑
i=1

σi(X),

where σi(X) is the ith singular value of X .
Introducing the nuclear norm as a convex relaxation in (12)
gives the convex optimization problem

minimize
{gk}

γ

N−1∑
t=0

|y(t)−
m∑
k=1

gkΨk(q)u(t)|2 + ‖H̄s,s′‖∗,

(13)
where γ > 0 is a weight parameter, enforcing a trade-
off between the quality of fit and the model complexity.
By solving (13) for various γ, Pareto-optimal solutions are
obtained. In order to achieve increased accuracy, it may be of
interest to use locally tighter relaxations of the rank function,
such as the iteratively reweighted nuclear norm heuristics
[19], or the convex envelopes presented in [8].

Given a low-rank solution to optimization problem (12) or
(13), Theorem 2 is satisfied by construction. Thus, a time-
domain realization realization (A,B,C,D) of the identified
basis-function model is obtained by first applying the Ho-
Kalman algorithm to the identified sequence M0, ...Mm−1 to
obtain a Hambo-domain realization (Ã, B̃, C̃, D̃), followed
by computing the inverse Hambo transform (8)-(11). The
proposed identification method is presented in Algorithm 1.

Remark 2: By extending the identified sequence of
Markov parameters to an infinite sequence, the Ho-Kalman
algorithm effectively approximates the identified model in
(12) by the unique model of order n having the same
first m Markov parameters. Unfortunately, there is no prior
guarantee that the approximation error involved in this step is

Algorithm 1: Proposed identification method.

Define a set of poles {ξi}i=1,...,nb
and construct an inner function Gb(z)

as in (5).

1. Construct a set of m rational orthonormal basis functions
{Ψk(z)}k=1,2,...,m as in (6).

2. Solve the rank constrained optimization problem (12) (either exactly
or approximately using nuclear norm relaxation) to obtain the
expansion coefficients g1, g2, ..., gm and M0,M1, ...,Mm−1.

3. Compute a minimal Hambo-domain realization (Ã, B̃, C̃, D̃) using
the Ho-Kalman algorithm [13].

4. If the resulting Hambo-domain realization is stable, compute a mini-
mal time-domain state-space realization (A,B,C,D) by the inverse
Hambo transform (8)-(11).

small, and it may even happen that the Ho-Kalman algorithm
generates an unstable realization. Therefore, the stability and
accuracy of the nth order realization generated by the Ho-
Kalman algorithm should be checked and compared to the
identified model in (12). A more detailed discussion on this
is given in [2] (Chapter 5.3.4). However, since this is mainly
an issue if the number of identified expansion coefficients
is small, for unstable realizations, the optimization step in
Algorithm 1 could be repeated with a larger number of
expansion coefficients.

An alternative approach to the one presented in this
paper would be to perform the system identification and
model order reduction entirely in the Hambo domain.
The input-output data {u(t), y(t)}t=0,1,...,N−1, u(t), y(t) ∈
R would first be transformed to expansion coefficients
{ũk, ỹk}k=1,2,...,m, ũk, ỹk ∈ Rnb , with respect to a
Hambo basis using the Hambo signal transform [11].
A Hambo-domain model could then be identified from
{ũk, ỹk}k=1,2,...,m and model order reduction could be used
to find a low-order approximation of the identified Hambo-
domain model. However, the main issue with this approach
is that the resulting Hambo-domain model is not constrained
to constitute a valid Hambo transform. Computing the time-
domain model from (8)-(11) would result in additional
realization errors, see e.g. [3] (Chapter 6.3). One of the main
contributions in this papers has been to address this issue.

V. SIMULATION EXAMPLE

To demonstrate the performance of the proposed iden-
tification method, a simulation example is presented. This
problem has previously been used for identification of basis
function models in [26], [18]. The proposed method is
compared to that of [26] with an additional model-order-
reduction step using balanced truncation as in [5]. The
simulated system has the following structure:

y(t) = G(q)u(t) +H(q)e(t) (14)
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Fig. 2. Pareto-optimal solutions for γ ∈ [0.1, 10]. The true standard
deviation of v is indicated with a dashed line.
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Fig. 4. Step response of the true system (black) and the 100 identified models (gray), using the proposed method (left) and the model-order reduction
method (right). Mean and standard deviation error bars are indicated in blue.

where G is a fifth-order system

G(z) =
b1z
−1 + ...+ b5z

−5

1 + a1z−1 + ...+ a5z−5
(15)

with numerator coefficients b1 = 0.2530, b2 = −0.9724,
b3 = 1.4283, b4 = −0.9493 and b5 = 0.2410, and
denominator coefficients a1 = −4.15, a2 = 6.8831, a3 =
−5.6871, a4 = 2.3333 and a5 = −0.3787. The poles of the
system are located at 0.95 ± 0.20i, 0.85 ± 0.10i and 0.55
(rounded to two decimals). The noise process H is given by

H(z) =
1− 1.38z−1 + 0.40z−2

1− 1.90z−1 + 0.91z−2
. (16)

The sequence e(t) for t = 0, 1, ..., N − 1 is a zero-mean
white-noise sequence with variance 0.0025, and the input
excitation sequence u(t) for t = 0, 1, ..., N−1 is a zero-mean
unit-variance white-noise sequence, resulting in a signal-to-
noise ratio at the output of approximately 11.4 dB.

To illustrate how the choice of weight parameter γ affects
the identification results of (13), root-mean-square error
(RMSE) and McMillan degree of pareto optimal solutions
for γ ∈ [0.1, 10] are presented in Figure 2. Five iterations
of iterative reweighting as presented in [19] were used to
promote low-rank solutions. All models were identified from
the same data set of length N = 1200, generated by (14),

m = 13 basis functions with complex conjugated poles
at 0.9 ± 0.3i and 0.7 ± 0.3i were used in the model. It
is evident that, for an appropriately selected γ > 2, the
proposed method estimates the model order correctly and
achieves the same RMSE as the true standard deviation of the
noise sequence. Thus, the proposed identification method can
achieve output-error optimality for an appropriately selected
weight parameter γ.

To evaluate the performance of the proposed nuclear-norm
regularized identification method, a set of 100 different input-
output data sets of length N = 1200 were generated. The
weighting parameter was set to γ = 3.5 in all experiments,
and a truncated Hambo basis consisting of m = 13 basis
functions, with two complex conjugated poles located at
0.9 ± 0.3i and 0.7 ± 0.3i were used in all experiments.
To promote solutions to be of low rank, five iterations of
reweighting, as presented in [19], with ε = 0.001 were
used. Out of the 100 different models identified from the
different data sets, 95 models identified with the proposed
method had the correct model order n = 5. Two of the
realized Hambo-domain models were unstable. Time-domain
realizations were not computed for unstable models.

As seen from Figure 3, the frequency response of the
models obtained using the proposed method match more



TABLE I
ESTIMATION ERRORS AND MODEL ORDERS n FOR THE LEAST-SQUARES

(LS) METHODS AND THE PROPOSED METHOD.

Method ‖G− Ĝ‖2 ‖G− Ĝ‖∞ Order n
LS 0.0315± 0.0051 0.2143± 0.0618 52
LS + reduction 0.0366± 0.0173 0.2192± 0.1367 5
Proposed 0.0186± 0.0056 0.1036± 0.0367 5

closely that of the true system. Step responses for the
identified models are presented in Figure 4. The mean static
gain for the identified models using the proposed method
is 0.9936 ± 0.0400 compared to 0.9801 ± 0.0841 for the
least-squares method with model order reduction. The true
system has unit static gain. The estimation error can be
quantified in terms of the H2 norm ‖G − Ĝ‖2, where Ĝ
is an identified model and G is the true model. Estimation
errors in terms of the H∞ norm ‖G − Ĝ‖∞ and obtained
model orders are presented in Table I. The proposed method
has clearly on average lower H2-norm and H∞-norm errors
compared to the least-squares identification methods. The
`2-norm difference between the first m identified expansion
coefficients ĝk and the first m expansion coefficients gk
of the true system is 0.0186 ± 0.0056 using the proposed
method, which is identical to that of the H2-norm error
(up to four decimals). This indicates that a sufficiently large
numbers of expansion coefficients has been identified.

Thus, the proposed identification method outperforms
standard identification methods on this benchmark problem.
Note also that the correct model order was specified in
the model-order reduction step of the least-square method,
whereas using the proposed method, the model order was
correctly identified from the data.

VI. CONCLUSIONS

In this paper, previous results on identification of low-
order models using FIR models and Laguerre basis models
have been generalized to identification using the Hambo
basis functions. By representing the system in terms of a
Hambo basis, properties of the Hambo operator transform
have been used to constrain the model order during identifi-
cation. The identification problem has been constructed such
that a low-order Hambo-domain realization can be obtained
form the identified Markov parameters and a time-domain
model can be computed using the inverse Hambo transform.
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